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Abstract 

The aim of this article is to compute the Hochschild and cyclic homology groups of the Yang-Mills algebras YM(n) 
(n e N>2) defined by A. Connes and M. Dubois- Violette in ICDll . continuing thus the study of these algebras that we 
have initiated in [HSI . The computation involves the use of a spectral sequence associated to the natural filtration on 
the universal enveloping algebra YM(n) provided by a Lie ideal ti)in(/7) in i)in(;7) which is free as Lie algebra. 
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1 Introduction 

The homological invariants of an algebra are closely related to the category of its representations. In particular 
Hochschild cohomology measures the existence of deformations (see OGel ). The main purpose of this article is to 
describe Hochschild and cohomology of Yang-Mills algebras, as well as their cyclic homology. Some properties of the 
category of representations of these algebras were already analyzed in OHSI . exploiting the Kirillov orbit method. 

Let us recall the definition of Yang-Mills algebras given by A. Connes and M. Dubois- Violette in ICDll . For a 
positive integer n>2, the Lie Yang-Mills algebra over an algebraically closed field k of characteristic zero is 



X)m{n) = \{n)l{C^[xi,[xi,XjW : j = l,...,n}}. 



(=1 

where f(n) is the free Lie algebra on n generators xi, . . . , jc„. Its associative enveloping algebra 'Z/(i)m(«)) will be 
denoted YM(«). It is a cubic Koszul algebra of global dimension 3 with Poincare duality and the Calabi-Yau property 
(see IBTI . Example 5.1). 

The first instance of Yang-Mills theory in physics is through Maxwell's equations for the charge free situation 
which gives a representation of the Yang-Mills algebra. 

In general, the Yang-Mills equations we consider are equations for covariant derivatives on bundles over the affine 
space R" endowed with a pseudo-Riemannian metric g. Any complex vector bundle of rank m over R" is trivial and 
every connection on such bundle is given by a M„,(C)-valued 1-form A,fifx' with the corresponding covariant 
derivative given by V,- - di + A,-. The Yang-Mills equations for the covariant derivative are 



where g ' - ig''^) . Yang-Mills equations have also been recently studied due to their applications to the gauge theory 
of D-branes and open string theory (see ONel IMovl Doug] ). 



Despite the fact that several properties of these algebras can be expressed in a geometrical language, the arguments 
we use in the proofs appearing in this article are homological. In fact, the main proofs only require a detailed knowledge 
of the complexes involved. 

It is important to notice that the behaviour of the Yang-Mills algebra with two generators YM(2) is completely 
different from the other cases (i.e. n > 3). The algebra YM(2) is isomorphic to the enveloping algebra of the Heisenberg 
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200801-00487. The first author is a CONICET fellow. The second author is a research member of CONICET (Argentina) and a Regular Associate 
of ICTP Associate Scheme. 
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Lie algebra. In this case, the computation of its Hochschild homology and cohomology can be easily done using the 
Koszul complex and we recover in this way the results obtained by P. Nuss in liNuj . 

On the other hand, if the Yang-Mills algebra has a number of generators greater than or equal to three, we provide 
detailed computations in order to describe the zeroth and first Hochschild cohomology groups, and then, using this 
description, we compute the other Hochschild cohomology groups and all the Hochschild and cyclic homology groups. 
We also recover the results announced by M. Movshev in the preprint IMovl . The proofs sketched there use geometrical 
properties of Yang-Mills algebras. We think that the algebraic point of view is clearer An example of this is the 
study of the relations between the homology of Yang-Mills algebra and the homology over the abelian Lie algebra of 
generators (e.g. the considerations before Proposition l2.6l which allow us to provide simpler proofs of that proposition, 
Propositions 13. 16l and l3. 19l and Corollaries 13. 20l and l3. 281 among others). 

In spite of these good homological properties, the computation of the Hochschild cohomology is rather difficult 
and technical. Concerning the zeroth and first Hochschild cohomology groups we prove the following result. 

Theorem 1. Ifn > 3, the center of the Yang-Mills algebra YM(«) is k and there is an isomorphism 

HH\YM{n)) ^ k®V{n)[2]® A^(V{n)[l]). 

In particular, using the theorem, we may interpret the non-trivial infinitesimal symmetries of the Yang-Mills algebra 
as dilations, translations and rotations. Our interest in the first cohomology group comes from the fact that, in the 
noncommutative geometrical setting, there is a one-to-one correspondence between the classes of noncommutative 
vector fields and derivations of an algebra. 

Making use of the Koszul property of these algebras, of a corollary of Goodwillie's Theorem obtained by M. Vigue- 
Poirrier, and of the fact that the graded Euler-Poincare characteristic of the cyclic homology of a multigraded algebra 
is known (see HI), we describe not only the Hilbert series of the other cohomology groups, but also the ones for the 
cyclic homology groups. 

Finally, our main result may be formulated as follows: 

Theorem 2. Ifn > 3, then the Hilbert series for the Hochschild homology are given by 

HH.{YM{n)){t)^Q, if»>4, 

A 



HHi(YM{n))(t) = f 
HH2{YM(nm) = + ly + nt\ 



////,( YM(«))(f) ^-Yj— log(l - «f' + nt^' - f4') + («(« - 1) - l)t* + 2«f\ 



HHoiYMinmt) = - ^ ^ log(l - nt' + nt" - t") + (H^^Llll _ ly + nt' + 1. 

Also, HH'(YM(n))(t) = 0, > 4 and HH'(YM(n))(t) = t-^HHi_.(YM(n))(t). 
On the other hand, the Hilbert series for the cyclic homology are 

//C4+2.(YM(n))(f)= 1, i/»>0, 
//C3+2.(YM(n))(f) = 0, if» > 0, 

HC2(YM{n))(t) ^l+t\ 

n(n — 1) i 1 
HCi(YM(n))(t) = ^ t* + nt\ 

HCo{YM(nm = - ^ ^ logd - nt' + nt'' - t") + (^'itzll _ ly + nP + i. 
/>i ' ^ 

The key ingredient of the proof of this theorem is the analysis of the spectral sequence associated to the natural 
filtration on YM(«) provided by a Lie ideal tr)m(«) in r)m(«) which is free as Lie algebra OHSI . Notice that since 
HH~(YM{n)) and HH'{YM{n)) are not zero, deformations of YM(«) may exist, but up to the present we do not know 
whether they are obstructed or not. 
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The contents of the article are as follows. In Section |2] we recall the definition of Yang-Mills algebras YM(«) 
and some of their homological properties and we compute, using the Koszul complex for this algebra, the complete 
Hochschild homology of YM(2), recovering results by P. Nuss INul and giving explicit bases. 

SectionOis devoted to the study of the space of generators W{n) of the free Lie algebra tt)m(«), which will play an 
important role in the computation of the Hochschild cohomology of the Yang-Mills algebras. We provide a complete 
description of the homological properties of this space (see Theorem 13. 15b . which will be useful in the sequel to 
describe the corresponding homological properties of the enveloping algebra 'ZY(tt)m(«)). Using the fact that tx)m{n) is 
free and non abelian, we compute the zeroth Hochschild cohomology group of 'Z/(r)m(«)). 

In Section]?] we study the cohomology of the Yang-Mills algebra X)m(n) with coefficients in the augmentation ideal 
of 'ZY(ti)Tn(n))^'^. The results obtained throughout this section lead to Theorem l4.1l Its proof involves the analysis of a 
spectral sequence associated to the filtration on 'ZY(ti)m(«)) by powers of the augmentation ideal. 

The aim of Section |5] is the description of the outer derivations of the Yang-Mills algebra YM(n) (see Theorem 
15.111 ). This is done by using a spectral sequence associated to the filtration given by powers of the ideal generated by 
tx)m{n) in YM(n) and homological information obtained in Section[3] 

Finally, in Section|6]we collect all previous results to prove our main result, Theorem l6.3l 

Throughout this article k will denote an algebraically closed field of characteristic zero and all unadorned tensor 
products i8> will be over the field k, i.e. i8> = ®a . All morphisms will be fc-linear homogeneous of degree zero, unless the 
contrary is stated. 

We would like to thank Jacques Alev, Michel Dubois-Violette and Jorge Vargas for useful comments and remarks. 
We are indebted to Mariano Suarez -Alvarez for a careful reading of the manuscript, suggestions and improvements. 

2 Definition and homological properties 

In this first section we fix notations and recall some elementary properties of the Yang-Mills algebras. As reference we 
suggest Icon and llHSl . 

2.1 Generalities 

Let n be a positive integer such that n > 2 and let f(«) be the free Lie algebra on n generators {xi, . . . , x„). This Lie 
algebra is provided with a locally finite dimensional N-grading. 
Following MCDll . the quotient Lie algebra 

n 

X)m(n) = Kn)/{{Yj[xi, [xi,xj]] : I < j < n)> 

;=1 

is called the Yang-Mills algebra with n generators. 

This definition apparently differs from the one given in ICDll . where the authors consider the quotient of the free 
Lie algebra f(n) by the Lie ideal K generated by the relations 

n 

for g - igij) a fixed invertible symmetric matrix in M„(R) and g^^ - {g''^). The matrix g uniquely defines a nondegen- 
erate symmetric bilinear form on the complex vector space generated by {xi, . . . , x„}. One may choose an orthonormal 
basis for this bilinear form. The ideal K does not depend on the choice of the basis. So, when k - C our definition 
coincides with the one given in ICDll once we have fixed a basis such that g - id. For some physical applications, one 
may be interested in choosing a basis such that g is Lorentzian. 

The N-grading of f(n) induces an N-grading of r)m(n), which is also locally finite dimensional. We denote t)m(n)j 
the j-th homogeneous component and 

/ 

min)' ^^m{n)j. (2.1) 

The Lie ideal 

tpm(«) = 0t)m(«)j (2.2) 

j>2 
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will be of considerable importance in the sequel. 

The enveloping algebra 'Z/(t)m(n)) will be denoted YM(n). It is the (associative) Yang-Mills algebra on n genera- 
tors. If V{n) - spanj.({ji:i , . . . , jc„)), it turns out that 

YM(«) - T{V{n))l{R{n)), 

where T{V{n)) denotes the tensor ^-algebra on y(n)) and 

n 

R{n) = span,<{2[x,-, [xi, xj]] : I < j < «)> c V{nf\ (2.3) 
1=1 

We shall also consider the enveloping algebra of the Lie ideal tr)m(«), which will be denoted TYM(«). Occasionally, 
we will omit the index « from the notation if it is clear from the context. 

We shall make use of two different but related gradings on r)m(«). On one hand, the grading given by ( 12.1b will be 
called the usual grading of the Yang-Mills algebra x)m{n). On the other, we shall also consider the special grading of the 
Yang-Mills algebra r)m{n), for which it is a graded Lie algebra concentrated in even degrees with each homogeneous 
space i)m(n)j in degree 2j. These gradings induce respectively the usual grading and the special grading on the 
associative algebra YM(n). The last one corresponds to taking the graded enveloping algebra of the graded Lie algebra 
i)m(n). 

As noted in IHSI . the algebra r)m(n) is nilpotent if « = 2, in which case it is also finite dimensional (see IHSI . 
Example 2.1). When n > 3, X)m(n) is neither finite dimensional nor nilpotent (see IHSI . Remark 3.13). Also, the 
algebra YM(«) is a domain for any « e N, since it is the enveloping algebra of a Lie algebra. 

There is an important collection of symmetries acting in the Yang-Mills algebra, which we now describe. The 
representation of the Lie group SO(«) on V{n) given by the standard action of matrices induces a representation of the 
Lie algebra 50(«). Furthermore, given j e N, V{n)^-' is a representation of SO(«), and then of 5o(«), with the diagonal 
action. There is then an action by algebra automorphisms of SO(«) on T{V{n)), which induces in turn an action by 
derivations of so{n) on T{V{n)). Both actions are homogeneous of degree 0. 

It is readily verified that these actions on T{V(n)) preserve the ideal {Rin)}. So, SO(n) acts by algebra automor- 
phisms on YM(«) and so{n) acts by derivations. The latter induces in turn an action by derivations of so{n) on t)m(n). 
As before, all these actions are homogeneous of degree 0. 

We summarize these facts in the following proposition. 

Proposition 2.1. The standard action ofSO(n) on V(n) induces an action by automorphisms of graded algebras on 
YM(n) and an action by derivations of the Lie algebra so{n) on YM(n). 

Let y be a graded left YM(n)-module provided with an action of 5o(n) which is homogeneous of degree 0. We shall 
say that the action of the Lie algebra 5o(«) is compatible with the action of the Yang-Mills algebra if 

X ■ (zy) - (x ■ z)y + z{x ■ y) 

for all X 6 5o(«), z e YM(n) and y e Y. The dot ■ indicates both the action of 5o(n) on YM(n) and on Y. Examples of 
such modules are X)m{n) with the adjoint action and also the symmetric algebra S (i)m(«)) with the induced action. 

Since it will be useful to combine the complete collection of symmetries that are available, from now on we 
shall consider the category of graded left modules over the graded Yang-Mills algebra YM(n) with the usual grading 
provided with a compatible action of so(«) and call them admissible left YM(n)-modules, without making explicit 
reference to the grading or the action of 5o(n), unless we write the contrary. Furthermore, a homogeneous left YM(«)- 
linear morphism of degree which is 5o(«)-equivariant between two admissible left YM(«)-modules will also be called 
admissible. The previous definitions apply as well for the category of YM(n)-bimodules and right YM(«)-modules. 

An important example of admissible YM(«)-module is S{V(n)), where the generators {xi,. . . , x,,} of r)m(«) act by 
multiplication on S{V{n)), the action of tr)m(«) is trivial and the action of so(n) is induced by the standard action of 
5o(n) on V{n). 

Remark 2.2. Since V{n), considered as an abelian Lie algebra, is a quotient of X)m{n) by the Lie ideal tt)m(n), any 
graded left module Y over S{V{n)) becomes a graded left module over YM(n). IfY is provided with a homogeneous 
action of soin) of degree 0, such that 

X ■ {zy) - {x ■ z)y + z{x ■ y), 

for all X € 5o(«), z € Vin) and y &Y, then it is an admissible left YM(n)-}nodule. In this case, we shall also say that Y 
is an admissible left S {V{n))-module. The same applies to right modules. 

Since YM(n) is a Hopf algebra, any left YM(n)-module Y is also a right YM(n)-module by using the antipode S . 
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2.2 Homology and cohomology 

We recall (see Berll ) that if A is a A^-homogeneous A:-algebra {N > 2) given by A = TV/{R), where R c y®'^, the 
A'-homogeneous dual algebra A' is defined as the quotient T{V*)/{R^}, where R-'- c (y*)®'^ ~ (^ysNy jj^g annihilator 
of R. In this case, the Koszul left N-complex of A is 

. . . A ® (A;,)* ^ . . A A ® (A-)* ^ A (8> (A'l)* -^^ A ^ 0, (2.4) 

where (A'.) c y®' and the differential b, is the restriction of multiplication a i8> (ei ® ■ ■ ■ ® e,) i-> aei ® ■ ■ ■ ® e,-. Notice 
that the differentials of the previous A^-complex are homogeneous of degree 0. 

From the A^-complex ( 12.41 ) one can obtain complexes Cp^riA), for Q < r < N - 2 and r+l<p<N-l, given by 

. . . ^ A ® (A;^,)* ^ a ® (A]v_^^,.)* ^ A ® (A-)* ^ 0. (2.5) 

Following IBerll and IBDVWI . the complex Cn-i,o(A) is called the Koszul complex of A and the algebra A is called 
Koszul if this complex is acyclic in positive degrees. 

From its very definition the Yang-Mills algebra is a cubic homogeneous algebra. 
The following proposition describes the dual algebra of the Yang-Mills algebra. 

Proposition 2.3. Let YM(n) = T(V(n))/{R(n)) be the Yang-Mills algebra with n generators {x\,. . . ,x„]. If we denote 
S* = {Xj, . . . , X*) the dual basis of V(n)*, then the homogeneous components o/ YM(n)' are 

YM{n% = CI, YM(«)^ = ©" Cx^x*, YM(n)[ = Cz\ 

YM(n)[ = V\ YM(«)3 = 0"^j Cx^z, YM(«);. = 0, 
for all i > 4 and z — Yj'i=\(^*)^ ■ The element z is central in YM(«)'. 

Proof. See ICDH . Prop. 1. □ 

From the proposition we easily obtain the following isomorphisms, which are necessary for the explicit description 
of the differentials of the Koszul complex of the Yang-Mills algebra: 

(YM(«)'j)* ^ V(n), (YM(«)-)' ^ V{nf^, 

(YM(«)3)* ^ Rin), (YM(n)- )* ^ (V(n) »R)n(R» V(n)). 

Furthermore, the following is true. 
Proposition 2.4. The Yang-Mills algebra is Koszul of global dimension 3. 

Proof. See ICDH . Thm. 1. □ 

This proposition tells us that the Koszul complex oy YM(«) is a projective resolution of k. We shall now present 
its proper form of in the category of admissible left YM(«)-modules, i.e. we shall give the explicit description of the 
minimal projective resolution of graded left-YM(«)-modules provided with a compatible action of so(«) of the module 
k. This is accomplished by the following complex 

^ YM(n)[-4] YM(«) ® y(n)[-2] % YM(n) ® V{n) YM(n) ;t ^ 0, (2.6) 

with differential 

b'-i^z) -YIi=\ zxi ® X/, b'^iz ® X,) = Yj'j^iizx^j ® X/ - IzxjXi ® xj -H zxixj ® xj), 

b\{z ® X,) = zxi, b'giz) = e^m(„){z), 

where e,,m(n) is the augmentation of the algebra YM(n). 
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Let Y be an admissible left YM(n)-module. When we apply the functor HomYM(«)(-, Y) to the resolution (I2.6l l. we 
obtain the complex, which we will denote (C*(YM(n), Y), d), 

Q-^Y -^Y® y(«)[2] ^ r ® V(n)[4] ^ y[4] 0, (2.7) 
after having used the admissible isomorphisms HomYM(n)(YM(n)[y], Y) ^ Y{2 - J\ and 

HomYM(„)(YM(;7) ® y(«)[;], F) — ^ 7 ® V{n)[-j] 

n 
i=l 

where j g Z. The differentials are given by 

n 

(fiy ® xi) = x,y, d^{y)^^ xiy ® Xj, 

i=i 

n 

d^(y ® X,) = ^(^^y ® ^/ + ^i^/y ® -''^j ~ 2x,Xj3' ig) xj). 
i=i 

Analogously, let F be an admissible right YM(«)-module. If we apply the functor Y ®YM(n) (-) to the resolution 
(12.61) and we use the admissible right YM(n)-linear isomorphisms Y ®YM(n) YM{n)[d] ^ Y[d] and 

Y ®YM(«) YM(n) ® V(n)[d] —^Y® V(n)[d] 

y ®YM(n) 1 ® X,- l-> y (g) Xj, 

where ^f 6 Z, we obtain the complex, which we shall denote (C,(YM(«), Y), d), 

Y[-4] -^Y® V(n)[-2] Y ® V(n) Y ^ 0, (2.8) 

with differentials 

n 

di(y®Xi) = yxi, d3(y) = ^ yx; ® x,-, 

1=1 

7=1 

Taking into account that V{n) is concentrated in degree 1,7® V{n)[j] ^ {Y ® V{n))[j], for all j e Z. Comparing 
complexes (O and (|2S]l, we see that (C'(YM(n), F),^f) and (C.(YM(«), y),^^')[4] coincide, where (^f' ). = (-l)V.. 
These complexes compute Ext'^,, |(^, Y) and Tor™'"Xl', A;), respectively. The natural isomorphisms Ext'^^^^^{k, Y) ^ 
H'(r)m(n), Y) and Tor™""(l', k) ^ i/.(i)m(«), F) (see llWeil . Exercise 7.2.4) tell us that 

H\x)m{n), Y) - //3-,(:)m(n), Y)[A], 

forO < < 3. 

Just to state notation, if Z is a graded ^-vector space, we denote Z(f) = Yjnez^nt" e Z[[r', f]] its Hilbert series. 
Of course, since the global dimension of the Yang-Mills algebra is 3, H'{x)m{n), Y) and //,(r)m(n), Y) vanish for 
; > 3. Both Hilbert series coincide up to a shift 

H'{x)m{n), Y){t) = t-^H^^Xmin), Y){t). 

This relation between homology and cohomology is usually referred to as Poincare duality, because of its resemblance 
to the case of closed oriented manifolds. 

We can state the previous results as follows. 
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Proposition 2.5. (see HCDl I/ , Eq. (1.15)) Let Y be a left YM(n)-module, which will be considered also as a right 
YM(n)-module using the antipode o/ YM(n). The cohomology ofx)m{n) with coefficients in Y equals the cohomology 
of the complex (I2.7I) . and the homology of the r)m(n) with coefficients on Y equals the homology of the complex (I2.8I I. 
We have that {C.{YM{n),Y),d')[A] = {C'{YU{n),Y),d), where (d'). = (-l)V., so in particular H'(x)m(n),Y) ^ 
//3-/(i)m(n), Y)[4],for0 <i<3. 

We want to stress that the Chevalley-Eilenberg resolution (C,(i)m(«)), 6,) of the admissible left YM(«)-module k is 
also a resolution in the category of admissible YM(n)-modules. If Y is an admissible left (resp. right) YM(«)-module, 
we see that the morphisms of the Chevalley-Eilenberg complex (C*(r)irt(n), Y), d^^) (resp. (C,(i)Tn(n), Y), d^^)) for the 
cohomology (resp. homology) of r)m(n) with coefficients in Y are 5o(n)-linear homogeneous of degree 0. 

We can easily check that the following diagram gives a morphism from the Koszul resolution to the Chevalley- 
Eilenberg resolution of k: 

^4 ^2 ^\ 

■ ■ ■ — ^ %{{\)m) ® A'^\)\n — >- %{{\)\n) ® A^i)m — ^ 'W(i)m) ® A-i)m 1/(1)110 ® i)in — %((X)\\\) — k — >- 

>1 idYM®'"^' 

"\ "2 "\ "0 

■ ■ ■ 9- ^ 'W(i)in)[-4] 9- 1/(1)111) « Vl-2] ^ 1/(1)111) ® V ^ 1/(1)111) — 5^ k — ^ 

with vertical maps given by 

n 

T](z ® X,) - y^^jzxj (g) Xj A X/ H- z (g) Xj A [xj, Xj]), (2.9) 
1 " 

0(z) = X ^ z ® Jc/ A Xj A [xj, Xi] . (2.10) 
'■.;=! 

It is clear that these morphisms are admissible. 

Given a left r)Tn(«)-module Y, it can be considered as a YM(«)-bimodule, which we denote Fe,,,,,,,,,, where the action 
on the right is given by the augmentation e,,i„(„) of YM(«). It is well-known that there are natural isomorphisms of the 
form //•(t)m(«), Y) ^ H'{%l{x)m(n)), K,,,,,,,,,,) and H.(x)m{n), Y) ^ H.{V(\)m{n)), y,„„,„„) (see EEl, Thm. X.2.1). 

Conversely, if 7 is a YM(n)-bimodule, it can be considered as a (left or right) r)m(n)-module via the adjoint ac- 
tion, denoted by Y""^. There are natural isomorphisms H'{^{x)\n{n)), Y) ^ H'{x)m{n), Y""^) and H.{1l{x)m{n)), Y) ^ 
H,(x)m(n), y^'') (see EEl, Thm. XIII.7.1). 

By the Poincare-Birkhoff-Witt Theorem, there is a left YM(n)-linear isomorphism 5(r)m(n)) ^ 1/(r)Tn(n))^'' given 
by symmetrization (see IDixL 2.4.5, Prop. 2.4.10), which is also admissible. This implies that HH'{YM(n)) ^ 
H'{x)m{n), S (r)m(«))) and HH,{YM{n)) ^ H,{x)m{n), S (:)m(«))). We point out that these isomorphisms are 50(«)-linear 

We recall that, if A is a No-graded associative algebra, X is a Z-graded right A-module and F is a Z-graded left 
(resp. right) A-module, then the homology groups Tor^^(X, Y) (resp. Ext''{X, Y)) are in fact graded vector spaces with 
respect to the internal grading and we denote Totp ^{X, Y) (resp. Ext'' ''(X, Y)) its homogeneous component of internal 
degree q e Z. We apply the same notation for other homology groups, e.g. Lie algebra (co)homology and Hochschild 
(co)homology groups. 

By Proposition^ HH'(YM(n)) = ////3-.(YM(«))[4], for < • < 3, and HH'(YM(n)) = HH.(YM(n)) = 0, for 
• > 3, so one needs to compute either cohomology or homology groups. 

Let us now focus on the case that 7 is a right 5'(y(n))-module, and by Remark l2!2] also a right YM(«)-module. The 
Chevalley-Eilenberg complex {C,{V{n), Y), d^^) is provided with a homogeneous A:-linear morphism of degree 2 of the 
form 

hp : Cp{V(n),Y)^Cp^dV{n),Y) 

n 

y®Xi^ A ■ ■ ■ A X,-, i-> ^ yXj ® Xj A x,, A ■ ■ • A X;^, 
i=l 

such that d'^^^ ohp+hp^i °dp^ = q.idc^iVMj), for all p, where q = xf € S{V(n)). Hence, h is a homotopy between 
the zero morphism and the one given by multipUcation by q and in particular c/™ o hp^i o dp^ = q.dp. 
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Moreover, if we define for each p such that < p < n the homogeneous A:-linear isomorphism of degree n - 2p 
given by 

ip:Cp(V(n),Y)-^C„-p{V{n),Y) 

where /i < ■ ■ ■ < i^, ;i < ■ ■ ■ < and {iu-.-,ip] U {ji, ■ . ■ , j„-p] = {!,...,«), we obtain that ip^i o ^fCE ^ /^^^ ^ 
So /i, essentially coincides with the differential d^^,, when viewing the /, as an identification. Notice that - 
(_l)«(«-i)/2,-^^^ for all 0<p< n. 

We may thus provide an alternative description of the complex C,(YM(«), Y) as follows. First, it is direct to check 
that Co(YM(n), Y) = Co(y(n), Y) and Ci(YM(n), F) = Ci(y(n), F). On the other hand, the maps /o and /, also give 
the isomorphisms C^{YM{n), Y) -> C„(y(n), Y) and C2(YM(n), F) ^ C„_i(y(n), F), respectively. Furthermore, it is 
easily verified that d\ - d^^, d3 - /j"' o d^^ o /q and c/2 = c/™ ° /Ji - '7' ° /in-2 ° d'^^-^ o /]. As a consequence, 
H^imin), F) - //„(y(«), F). 

The following proposition is a generalization of Prop. 14 and 15 in IMovl . 

Proposition 2.6. Let Y be a right S (V(n))-module (and by Remark \2.2\ also a right YM(n)-module). There is an 
isomorphism Hy,{i)m{n), F) ^ H„(V{n), F). Moreover, if the element q — 2"=i x^, ^ S{V{yi)) is a nonzerodivisor on Y 
there is also an isomorphism H„-i{V(n), F) ^ //2(t)m(«), F). 

Proof. The first part of the proposition has been already proved. 

Suppose that qisa nonzerodivisor on F. Since d3 = '7' ° '^n^ ° it is direct to check that lm(^f3) - i^^ (lm(ii,^^)). 

We shall prove that Ker(^^2) - '7'(^^''('^S))- equality d2 - '7' o /i„-2 ° "^,^^1 ° 'i yields that Ker(ii2) 2 
!7HKer(ii™ )). Let us prove the other inclusion. The previous identity implies that z e Ker(c/2) if and only if ii{z) e 
Ker(/z„_2 ° '^^^i)- Hence, for an element z e Ker(ii2) we have that /i„_2 ° d'^^^ o = 0, so 

= o /z„_2 o o = o 

and this implies that c/Jj-^j o ii{z) = 0, for q is a nonzerodivisor on F. This proves that z e ;7'(Ker(c/^'^j)) and thus the 
other inclusion. 

Since Ker(c/2) - ii^0^sr{d^^^)), lm(J3) - ;7'(Im(c/^^)) and ii is an isomorphism, the proposition follows. □ 



2.3 Hochschild homology of YM(2) 

As a simple application of the Koszul complex ( 12.81 ). we shall compute the Hochschild homology and cohomology 
of YM(2). This result is known in the literature (see IINul . Chap. Ill, Thm. 3.2), but we provide more explicit 
computations. We shall also compare in the sequel these Hochschild homology and cohomology groups with those of 
YM(n),for« > 3. 

Since i)m(2) ^ I)i (see IHSL Example 2.1), t)Tn(2) has a basis {x,y,z} as fc-vector space, such that [x,y] - z and 
z e 2^(i)m(2)). Notice that when r)in(2) is provided with the usual grading, x and y have degree 1, whereas z has degree 
2. We shall write k[x,y,z] instead of 5'(t)Trt(2)). 

It can be easily proved that the right action of i)m{2) on k[x,y,z] is as follows: p.x = -zdp/dy, p.y - zdp/dx and 
p.z - 0, for p e k[x,y,z]- 

Given p - Yj(i,j,i)eNl ciijjx'yh' e k[x,y,z], we define J pdx - X(i,j,i)etil ^ijA^ + l)"'-x'^'y~'- One can check that 

— J pdx = p, J —dx = p-p{0,y,z) and —J pdx = j -^dx. (2.11) 

Analogous results hold when considering variables y and z. 
The Koszul complex of YM(2) is 

k[x,y,z][-4] k[x,y,z] ® V(2)[-2] k[x,y,z] ® V(2) k[x,y,z] 0, (2.12) 
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with differential 

di{p®x + q®y) = z — , dT,(r) = -z—®x + z—®y, 

^ox oy' ay ox 

d~p d^q d^q \ 

d2{p® X + q®y) ^ zH-^ ® X + —— ®y + ®y + —— ® x), 
^ox^ oxoy Oy oxoy ' 

where p,q,r & k{x, y, z\ ■ 

We see that i/3(t)m(2), YM(2)^'') ^ Ker(^f3) and that r e Kexid^) if and only if its partial derivatives with respect to 
X and y vanish, i.e. if r 6 k[z\. As a consequence we get an homogeneous isomorphism ////3(YM(2)) ^ A:[z][-4] of 
degree 0. 

Moreover, by Poincare duality, we immediately have that YM(2)) ^ 2^(YM(2)) ^ k[z\. Since the image of 
d\ is the set of polynomials of the form zp, where p 6 k[x, y, z\ we see that ////o( YM(2)) ^ k{x, y] of degree 0, 

Let us now compute ////2(YM(2)). Let u - p® x + q®y e Ker((i2). This is equivalent to the following conditions: 

dx \ dx dy I dy\ dx dy j 

If we write p - Xi/eNo Pi^' ™d 1 - HieNo for Pi, qi e k[x,y], for all / e No, the conditions are equivalent to: 



Ox \ax Oy j Oy \ ox Oy j 



Then, for all / 6 No, 

dpi dq, 



aek. (2.13) 
ox Oy 



We may choose r = YjieNo ^i^' ^ k[x,y,z], with r, e A:[jc,y] such that 

j q^dx- j pM(0,y)dyyieNo. (2.14) 



Then 

dy dx 



d,(r) = -Y,z^-'^®x + z--'^®y. 



As a consequence, the cycle o) is homologous to 

p®x + q®y-d3{r) ^ po®x + qo®y+'^ [z'[pi + —^) ® + ^'{li - ® ^) 

= po®Jc + g'o®3' + Y^z'{pi + "^)®-^- 

From jniT l and jO?] ! we see that 

+ = P/ + ^( J qidx- j pi(0,y)dy)^ pi + j —dx-p, 

C dp 
= Pi+ I (c; - -^^-^ - PiiO,y) = C,JC. 



(0,y) 



Hence, co is homologous to the cycle oj' = po® x + qo® y + 2ieN ^'c/-^ ® JC- If Q ^ 0, z'c,x igi x cannot be a boundary 
because all boundaries have c,- = 0. Since co' is a cycle, it we must have dqo/dy = co - dpo/dx, and then 



where h e k[x] is some polynomial. Therefore the cycle oj is homologous to 

po® X + Coy ®y— f -^dy ®y + h®y+ ^ z'cjX ® x. 

J dx ^ 
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From this we can conclude that the set given by 

{y ® y, x'' ® y [h € No), x'^/' ® x ^x'^" 'y"^' ® J ih, h e No), z'^x ® x e No)) 

i3 + 1 

is a basis of ////2(YM(2)). 

In the same way we may compute the homology ////i(YM(2)). Ifcj- p®x+q®y\?, a 1 -cycle, thendqi/dx-dpi/dy = 
0, for all i e No. Hence there is a polynomial r, e A:[x,y] such that /?, = drt/dx and ^, = dr-Jdy, for all / e No- 
If we choose and q'J such that dp'j_2ldx + dq'j ^ldy - r,, for all ; > 2, then w is homologous to 

5ro 5ro 5ri dr\ 

Pq® x + qQ®y + zpi ®x + zq\®y- — ® x + — ®y + z—— ®x + z— ®y. 

ox oy ox ay 

Moreover, we immediately see that the collection of cycles with ro = x'^y'- e A:[x,y] and r\ - x'^y'* e ^[x,y], with 
hJi, k, U e No and {hJi) + (0, 0), (;3, h) + (0, 0), gives a basis of i///i(YM(2)). 

3 The module Win) 

In this section we shall study the graded vector space W(«) of generators of the free Lie algebra tr)m(«). 

3.1 Generalities 

In IHSI . we proved that the Lie ideal ti)m(«) given in ( I2.2l i is concentrated in even degrees strictly greater than 2 and 
that it is itself a graded free Lie algebra: it is isomorphic as a graded Lie algebra to the graded free Lie algebra on a 
graded vector space W(n), (see IHSI . Theorem 3.12). The previous grading for W(«) is called special. 

Of course, when considering tx)m(n) with the usual grading it is also a free Lie algebra and its space of generators 
W{n) is provided with the induced grading, called usual. 

The morphism W{n) — > ti)m(«)/[ti)m(n), tr)m(n)] given by composing the inclusion and the canonical projection is 
an isomorphism. Furthermore, since ti)m(n) is a Lie ideal of x)m{n), tt)m(n)/[tr)m(«), tr)m(«)] has an action of i)m(«) 
induced by the adjoint action of i)m(«), such that tr)m(«) acts trivially. Hence the quotient tr)m(«)/[tr)m(«), tr)m(«)] 
becomes a r)m(«)/ti)m(«)-module, i.e. a y(«)-module, if we identify V{n) with the abelian Lie algebra of dimension n. 
It is easily checked that tr)m(«)/[ti)m(n), tr)m(«)] is also a graded S (V(n))-module. 

On the other hand, since the action of so(«) on X)m{n) is homogeneous of degree 0, it preserves the Lie ideals 
ti)m(«) and [tr)m(n), tr)m(«)], so it induces a compatible action on tr)m(«)/[ti)m(n), tr)m(«)]. Using the isomorphism 
W{n) — > tt)m(n)/[ti)rn(n), tr)Tn(«)], W{n) becomes a graded 5'(y(n))-module with a compatible action of so{n) and 
hence an admissible left 5(y(«))-module and hence a YM(«)-module, such that ti)m(«) acts trivially. 

From the previous discussion we obtain an action of V{n) on W{n), which we shall denote by x,.w, such that 

X,- ■ w = -[x,-,w] + Y^[vij,v'.,], (3.1) 

leL 

for L a set of indices and some Vjj, v^', 6 ti)m(«). 

Taking into account that tx)m(n) - f(W(«)), ti)Tn(n) is the Lie subalgebra generated by W{n) inside Lie{T{W{n))). 
As a consequence, using that T{W{n)) = ©^gfjij W(«)®'^ we may write 

tx)m{n) = ^ trim(n)'', 

peN 

for tr)m(«)'' - ti)Tn(«) n W(«)®''. When z e tx)m{ny we shall say that z has internal weight p (not to be confused with 
the weight of the 5o(n)-modules). If we denote p'-{w) the projection of [x,-, w] e ti)m(«) in the p-th component tx)m{ny, 
we can write 

[x,-,w] =x,-.w + 2pf(w). (3.2) 

Notice that the sum is finite. 
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Proposition 3.1. The graded vector space Win) is a graded S {V(n))-module, when both are considered with the usual 
grading. Moreover, since the homogeneous element q — ^ S{V{n)) acts by 0, W(n) is a graded S (V(n)) / (q)- 

module. 

Proof. The first part has been already proved. We proceed with the second one. From ( 13.1b . it suffices to prove that 

n 

^[x;, [xi, w]] 6 [\x)m{n), t:)m(n)], (3.3) 

;=1 

for any homogeneous element w e W{yi). In order to do this we shall do induction on the usual degree li of w. If = 2, 
we can suppose that w - [xj, x/], with 1 < j,l < n. In this case, 

n n n n n 

^[X;, [X;,W]] = ^[Xi,[Xi,[Xj,Xi\W = ^[[x;, [Xi,XjW,Xi\ + 2^[[Xi, Xj\,[Xi, Xi]] + ^[Xj,[Xi,[Xi, Xi\]\ 

1=1 i=l /=1 

n 

= 2^[[xi,Xj\, [xi,xiW e [ti)m(«),ti)m(n)], 



i=l (=1 1=1 i=l 



(=1 



where we have used the Jacobi identity and the Yang-Mills relations in the last step. 

Let us suppose that property ( I3.3l l holds for any w of degree d < do and let w be of degree dQ + I. We may write 
w - [xj, Wj\, with w j of degree less than or equal to do, and by the inductive hypothesis 



(=1 



^[Xi, [Xi, Wj]] = Y}-c{,di\..S \ <j<n, 



where Aj is a set of indices and c„, d;, € tx)m(n). As a consequence, 

11 n n n n n n 

^[X/, [Xi, W]] = ^ ^[[^i' [Xi, Xj]],Wj] + 2 ^ ^[[X;, Xj], [Xi,Wj]] + ^ ^[Xj, [Xi, [Xi, Wj]]] 

i=l 1=1 j=l i=l j=l i=l j=l 

n n n 

= 2 2 ^[[x,., Xj], [Xi, Wj]\ +YjYj ^^i' 

!=1 i=\ i=\ aeAj 

n n n 

= 2^ 2[[x,,x,], [Xi,wj]\ + Yj Yj^[[xj,ci],di] + [ci, [xj,di]]) 6 [ti,m(«),tqm(«)]. 

!=1 7=1 j=l aeAj 

The Hilbert series of the Yang-Mills algebra YM(n) was computed in ICDll . Corollary 3, to be 

YM(n)(f) = — -. 

^ ' ' (1 -f2)(l -«f-l-f2) 

In IIHSL Proposition 3.14, we found the Hilbert series of W(n) for the usual grading 

(\-tf -l+nt-nt^ + t'^ 



W{n){t) 



(1 - tr 



If n -2, it is easily checked from the previous formula that W(2) is one dimensional and concentrated in degree 2. 
Moreover, it may be considered as the graded A:- vector space spanned by z = [xi, X2]. It is directly checked that it is 
provided with the trivial action of 5(^(2)) and so(2). Also, we see that tr)m(2) ^ k[z]. 

Proposition 3.2. If k denotes the trivial admissible S (V{2))-module, then W{2) ^ 2] as admissible S {V{2))-modules 
(for the usual grading), and it is spanned by [xi , X2]. 

On the contrary, if « > 3, the Hilbert series of W{n) tells us that it is infinite dimensional, which implies that 
ti)m(«) is a free Lie algebra with an infinite number of generators. We shall present a set of generators of W{n) as 
5(y(«))-module in Corollary |17] 

As a consequence of Theorem 3.12 and Proposition 3.14 in IHSI , we can describe the center of the Yang-Mills 
algebra YM(n) for n > 3. 
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Proposition 3.3. Ifn > 3, the center o/YM(«) is k. 

Proof. On the one hand, it is clear that k c :3(YM(«)). 

On the other hand, HH^(YM{n)) ^ //''(r)m(n), YM(«)^'^) and since symmetrization gives a graded isomorphism of 
r)in(n)-modulesfrom5(qm(n)) to^l(x)min)y'^, i/°(i)m(n), YM(n)'"i) ^ H°(x)m{n),S(r)m(n))) = 5(:)m(«))"'"<"). 

Let us consider z € 5 (i)m(n)) of the form 

z= X C(h,.,.j,^ijx'^ ...x';;ti, (3.4) 

(ii,...,!„)eN5,teL 

for C(„, ....,„),/ 6 k and {f/),ez. a Poincare-Birkhoff-Witt basis of TYM(«). Then, zeS (i)m(«))"'"<"' if and only if 

n 

= [w,z] = (:(m,-Jm{4 ■ ■■4;l»'^ti] +2-^1' ■ ■■'j^rbV'^a ■ ■ -^'O) (3.5) 

(ii,...,!„)eNS,teL j=l 

for all w 6 YM(n). We claim that this implies that z e TYM(«). Indeed, let us suppose that this is not the case. Then 
there would exist (/j, . . . , /j]) 6 Ng different from zero and Iq e L such that C(/, . 0. Let 

J" = {(i'l, . . . , /„) e N", : exists Z € Lsuch thatC(/,_..._,„y ^ 0}, 

and let (/'j, ...,/,')€ J be an element of maximal degree / j + ■ ■ ■ + Then [w,z] possesses a term of the form 

C{i\....j'„),i'x'l . . .4'[w,f/'], 

with C(,', ,;)/' 9^ 0, which cannot be cancelled with any other term in the sum ( I3.5l l for degree reasons. Therefore, 
[w, f/'] = 0, for all w e ti)m(«), or equivalendy, ti> e Z(TYM(«)). 

Since n > 3, TYM(«) is a free algebra with an infinite set of generators, so it is not commutative and its center is 
the base field k. In other words, f// = 1. 

We thus see that any term of the form C(,'^ ,...,/;,),/' x'^ . . .x'^ f/- in ( 13.41 ). with C(,'^ ,...,/;,),/' and maximal / j + ■ ■ ■ + - /max 
has f /' = 1 . 

Since {xh,z\ - for all /i = 1 , . . . , «, it turns out that 



Q^[xh,z\^ ^ C(i^^„j,,)j{x'l ...x';i[xh,t{\ + Yxl ...ijx'. ^[xh,xj\...x';iti^ 



(i,,...,i„)eN;,teL j=l 

(J ^■■■■+i/i<(niax 



(3.6) 



(ii,...,i„)EN2,/eL 7=1 



Notice that in *! we need only consider the summands with f/ 9^ 1, since [xi, f/] = if f/ = 1. 

For degree reasons, we see that no term of the form can be cancelled with any other term appearing in -kz- On the 
other hand, the former cannot be cancelled with terms from *! either, since [x;,, xj] is in a homogeneous component 
of usual degree 2 of tx)m{n), while [xhJi] is in the homogeneous component of usual degree strictly greater than 2 
of ti)m(n). This tells us that the coefficients C(,j ..._,„),/ with maximal ii + ■ ■ ■ + ;„ must vanish, which is absurd. As a 
consequence, z e TYM(«). 

Again, since z e -3(YM(n)) n TYM(n) we see that z e 2^(TYM(n)). Therefore z ^ k and the corollary is proved. □ 



3.2 Another characterization of W(n) 

In IIHSI . Section 3, it was proved that W{n) ^ Hi{x)m{n),S{V{n))) as graded vector spaces. By Proposition 13.11 
W{n) is an admissible 5'(y(n))-module and, by definition, the complex C,{YM{n),S{V(n))) is composed of admissible 
5(y(n))-modules and admissible 5'(y(«))-linear differentials, so its homology is an admissible 5(y(n))-module. We 
recall that S (V(n)) ® V(n) is provided with the regular left S (y(n))-module structure. In Proposition |3 . 6 l of this section. 
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we shall exhibit an admissible 5'(y(«))-linear isomorphism from W{n) to the first homology group of the complex 
C.(YM(«), S{V{ti))). From this result, we shall derive three important consequences: a set of generators of the S{V{n))- 
module W(n) given in Corollary [321 and a description of the isotypic decomposition of W{n) and W{n) ®s(V(n)) W{n) in 
Corollaries l3.8l and |3.91 respectively. 

Let r^y(n) be the graded vector subspace of T{V{n)) spanned by all homogeneous elements of degree greater than 
or equal to 1 and n : T(V{n)) — » S{V{n)) be the canonical projection. We start considering the following homogeneous 
linear map of degree 

(p : T^V(n) S{V{n))®V{n) 

n n 

^qtXi i-> ^n{qi)®Xi. 

i=\ /■=! 

The previous mapping is well-defined since every element x € T^V{n) may be written in a unique way as jc = 2"=i Qi^i 
with q, € T{V{n)). The linearity and homogeneity are direct. Furthermore, since n is surjective, (p is also surjective. 

Given homogeneous elements z,z' e T^V{n), we have that <p{z'zxi) - n(z'z) ® x; - n{z')n{z) ® x;, since ;t is a 
^-algebra morphism. In other words, (p{z'z) - n{z') ■ (piz) for z, z' e T^V{n) homogeneous. In particular, taking z' - xj, 
we see that <p{xjz) - Xj.(p{z). Notice that this does not imply that ^ is y(n)-linear, since r(y(«)) is not a 5'(y(«))-module 
for the left multiplication. 

We shall denote (p' the restriction of (p to T(y(«)) £ T^V{n). Then 

(P\xi)^\®Xi, (3.7) 

and we shall prove by induction on I that 

^'{[Xi^ ,[..., [X;,_, , X;,] ...]]) = X;, . . . X;,_,X,,_, ® X/, - X,-, . . . X,-,_,X,-, ® X,,_, , (3.8) 

where Z > 2. The case / = 2 is direct. 

Let us suppose that / > 2 and that the previous identity holds for / - 1. In this case 

(p'{[Xi^,[. . ., [X;,_,,X;,] ...]]) = 0(X;,[X;,, [. . . , [x;, , X;, ] ...]])- <^([x,-,, [. . . , [x;, , X;, ] . . .]]x;,) 

= X;,0([X;,, [. . . , [X;,_, , X;, ] ...]])- 7r([x,-,, [. . . , [x,-_, , X;,] ...]]) ® X;, 
= X;,(^'([x,j, [. . ., [X;,_,,X;,] ...]]) 



where we have used that (p{xjz') - Xj.<p{z'), the inductive hypothesis and the fact that, since ;r is a A^-algebra morphism, 
7t([x,z]) = 0, for all x,z e T(V(n)). 

Lemma 3.4. Ifdi : S(V(n)) ® V(n) — > S(V(n)) denotes the differential of the complex ( 12.8b for Y - S(y(n)), then 
Ker(Ji) = f([f(y(«)),f(y(«))]). 

Proof. The inclusion 0'([f(y(«)), f(y(«))]) £ Ker(^fi) is immediate from identity ( I3.8l l and the fact that every element 
of [f(y(«)), f(y(«))] may be written as a linear combination of elements of the form [x,, ,[..., [x,, , , x,-,]]] for I > 2. 
Let us prove the other inclusion. Consider 

n n 

y = ^ ^ aix'l . . . xJ;' ® Xj = ^ ^ fljx' ® Xj e Ker(^fi), 

where i - {i\,. . . , i„) and the previous sum is finite. We will denote e,- e Nq, for !</<«, the vector such that 
(e,)j = 1 < j < n and we write |/| = /i + ■ • • + /„. 

We shall prove that there exists z e [f(y(«)), KV{n))] such that y = ip'iz). 

On one hand, y e Ker(iii ) if and only if 

n 

;=1 7eN" 
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This condition is equivalent to the following: for every (i'l, . . . , /„) e Nq 

Z<=0, (3.9) 

M 

where we agree to write a-. - 0, in case there exists / with I < I < n such that // < 0. 
As a consequence, if we define 

for every / e Nq, 



Yi^ 2^a-._^ x^ ...X. ...x;;<sxj. 



n f n ^ 

On the other hand, from (13.9b . we see that di{y) = Q if and only if di(yi) - 0, for all ; € Njj. Therefore it suffices to 
prove that, given / 6 Ng and y e Ker((ii) of the form y = Tj"j=i ® there exists z G [f(V(n)), KVin))] such that 

y = 

Suppose given / e NfJ and y = ^"j=\ "^j-p z^' ® satisfying Y!]=\ - 0. Let ij^ , . . . , i^,, with < Z < «, be the 
nonzero elements of the «-tuple ;, i.e. ij + Q\f and only if y e {y'l, . . . , ji). 

If Z = 0, or equivalently / is the zero «-tuple, then necessarily y - Q - (p'iQi) e (^'([f(y(n)), f(V(n))]), since in this 
case atf,. - 0, for all j such that 1 < j <n. 

If / = 1, then there is jq, with I < jq < n, such that / — m.ej^^, m e N. Hence condition (13.9b impUes that 
^t-i).ej = 0, and therefore y = = cf>'(Q) e 0'([f(y(«)), f(y(«))]). 

Let I >2. We shall proceed by induction on assuming that it is true for I - 1. We may write 



I 



! Cjj ' ^^jj - Z_-i ' ('j,, ' 

I 



p=2 



= flf 0'(ad''.-'(x^,) o ad''^-'(x^,) o ad'Mx),) ° ■ ■ ■ ° ad'Hxj,)([xj,,xj^])) + V x'^'" ® x,,„ 
for /j/' = fl/' + fl/' and bi' ^ cd' , if 3 < /? < Z. 

i-f,-, i-Cj, i-Cj, i-f>,p 

Since Y!„=-ibi''_ - 0, the element y' - 2' 2^"l! ^' ® belongs to the kernel of d\. By the inductive 
hypothesis, there is z' 6 [f(V(n)), f(V(n))] such thaty' = (p'iz')- Then 



y = flf 0'(ad''.-i(x,,) o ad''^-'(x,0 o ad'M^,,) ° ■ ■ ■ o ad'"(x;,)([x,„x,J)) + cf,'(z') 



4>'{at^ ad'^.-i(x,,) o ad'>2-i(x^,) o ad'>3(x,,) o • • • o ad'"(x,-,)([x^„x,- ]) + z'). 



This proves the lemma. □ 

Let d2 : S (V(n)) ® V(n) S {V(n)) » V{n) be the diff'erential of the complex in degree 2 with Y {V{n)). In 
this case, 



dii^ Zi ® X/) = ^ (z/xj ® X/ - z,x,x^- ® x^). 
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We may consider the homogeneous linear map of degree 0, denoted by 4>, 

[f(y(«)),f(y(n))] ^ Ker(flfi)/lm(£/2), 
given by composition of ^' and the canonical projection. Being the composition of surjective morphisms, 4> is surjective. 

Lemma 3.5. Let be the differential of the complex ( 12.8b in degree 2 with Y — S (V(n)) and let 4> be as above. If{R{n)) 
denotes the Lie ideal in f(y(n)) generated by the vector space of Yang-Mills relations ( I2.3l l, then (p'({R(n)}) C lm(d2), 
and therefore 4> induces a surjective homogeneous linear morphism of degree Ofrom [f(y(n)), f (y(n))] / {R(n)} — ti)m(n) 
to Ker(£/i)/lm(t/2) = Hi{x)m{n),S(V(n))) ^ W(n). 

Proof. First, note that {R{n)} c [f(y(n)), f(y(n))]. 

Given j, with I < j < n, we shall denote rj - XiJLi [-^^ [-^^ ^j]]- Using the Jacobi relation it is easy to see that every 
element of {R{n)} may be written as a linear combination of elements of the form [a:,, , [x,^, [. . ., [xi^ ^ ,ri^]... ]]], for 
p e N, i'l, . . . , ip 6 {1, ...,«). 

Using the identity ( 13.8b . we get 

n 

<^'([X;,, [X;,, [. . . , [X;^_, , r,- J . ..]]]) = . . . JC,-,_, ® JC,-^ - X;, X;, . . . Xj^_^X jXi^ ® X j) 

M 

= d2(Xi,Xi^ . . .X,-^_; ® X,-,), 

and so (f)'{{R{n)}) c lm(d2). □ 

We have therefore defined a surjective homogeneous fc-linear map of degree 

^ : ti)m(n) ^ Hi(x)m(n),S(V(n))). 

We will easily see that ^([ti)m(n), tr)m(n)]) = as follows. Let us consider a,b e [f(y(«)), f(y(n))] such that a,b e 
ti)m(«). Taking into account that 0([fl, b]) is the class of <p'{[a, b]) in Ker{di) /lm{d2), it suffices to show that (p'{[a, b]) e 
Im(ii2). We shall see that in fact (p'da, b]) - 0. 

Since a,be [KV(n)), KV(n))], we can write a = Y" [x ,•, a',] and b = Y" [x ,■, b',], for some a',, b', e f(y(«)). Hence 

J ^ •' J J ^ ■' J J J 

b]) = (^(afe - /7fl) = (^(afe) - <^(^a) = n{a)^{b) - 7T(b)<p(a) = 0, 

where we have used that n{a) - n{b) - 0, for :7r is a A:-algebra morphism. 

Finally, the fact that 0([tr)m(«), tr)Tti(«)]) = implies that 4> induces a surjective morphism, which will be denoted 
by O, 

iv)xn{n)l{ix)m{n)Mm{n)] Hi(x)m{n),S{V(n))). 

Also, taking into account that tr)m(n)/[ti)m(n), tr)m(«)] is isomorphic to W{n) and the latter is locally finite dimensional 
and isomorphic to the homology Ker{d\) llmidi) - H\{\)m{n), S{V{n))) <1> turns out to be an isomorphism. 
We have then proved the following proposition. 

Proposition 3.6. The map 

(D : tt)m(«)/[ti)m(«),ti)m(n)] -» Ys&x{dy)l\m{d2) - Hi{T)m{n),S{V{n))) 

is admissible. 

Proof. We have already proved that O is a homogeneous linear isomorphism of degree 0. Also, the equation (13.8b tells 
us that O is y(«)-linear and 50(«)-equivariant. □ 

The previous proposition has the following important consequences. 

Corollary 3.7. The graded vector space W{n) is generated by the finite set {[x;, Xj])i<,<y<„ both as a graded S {V{n))- 
module and as a graded S(V{n))/{q}-module. Furthermore, a collection of generators ofW(n)for both module struc- 
tures is given by {[x;, Xj])i<,<;<„ 
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Proof. As stated at the beginning of this section, we consider S{V(n)) ® V{n) provided with the regular left action of 
S{V{n)). It is finitely generated, and ^(^(n)) being noetherian, S(V(n)) ® V{n) is also noetherian. Since the differential 
di of the Koszul complex with coefficients in S(V(n)) is a 5'(y(«))-linear map, its kernel is also a finitely generated 
5'(y(n))-submodule. By Lemma [T4l the set {x/i8>Xj-xyi8>x,)i<,<y<„ is a set of generators of Ker((ii) as 5'(y(n))-module. 

On the other hand, since A is also a y(n)-linear map, lm{d2) is a y(n)-submodule of Ker(c/i). The S (y(«))-module 
W{n) ^ Hi{r)m{n),S {V{n))) is then a quotient of the finitely generated 5(y(«))-module Ker(c/i) by the submodule 
Im(ii2), and hence it is finitely generated with set of generators {[x,-, xy]}i<,<j<„. All these considerations hold as well 
over the algebra S {V{n))/{q}. a 

In the following corollaries and the rest of this article we shall use the standard notation for the irreducible finite 
dimensional representations of the Lie algebras 5o(«) (see |FH| ). 

Corollary 3.8. Let n > 3. The homogeneous component of degree p ofW(n) vanishes for p < I. 

For p > 2, the homogeneous component of degree p of the so(n)-module W(n) is also an so{n)-module. If n — 3, it 
is isomorphic to r(p_i)/,|; in case n — 4, it is isomorphic to r(p_i)i,+£2 ffir(p_i )/.,_/,,; and finally, ifn > 5, it is isomorphic 
to r(p_i )/,,+/,,. 

Proof. The complex of graded 50(«)-modules C,{YM(n), S (V(n))) is the direct sum of the complexes of finite dimen- 
sional so(n)-modules 

SP-\V{n)){-A] ^ (SP-\V(n)) ® V(n))[-2] — ^ S''-HV(n)) ® V(n) -U SP(V(n)) 0, (3.10) 



where p g Z and we consider 5 ''(y(n)) = if p < 0. By Proposition l3.6l its homology is isomorphic to W(n) in degree 
one, to k in degree zero and all other homology modules vanish. 

Let S{n) denote the set of isomorphism classes of irreducible finite dimensional 5o(n)-modules. If M is a finite 
dimensional 50(«)-module and s e S{n), we shall denote ns{M) the number of copies of the isotypic component of 
type s appearing in M. Hence, the isotypic decomposition of M may be encoded in the formal sum of finite support 
TjseS{n) n.i{M)s. It is directly checked that M i-> 2se.S(«) ns{M)s is an Euler-Poincare map (see ILal . Chap. Ill, §8). 

As a consequence, the Euler-Poincare characteristic of a complex of finite dimensional so(n)-modules coincides 
with the Euler-Poincare characteristic of its homology (see |La|, Chap. XX, §3, Thm. 3.1). This result applied to the 
complex ( 13.10b allows us to compute the isotypic decomposition of the p-th homogeneous component of W(n) once 
we have obtained the Euler-Poincare characteristic of ( 13.10b . In order to do so, we shall proceed as follows. 

First, we recall that V{n) ^ F/,, and, by IIFHl . Exercise 19.21, 

[pm 

5''(y(«))- 0F(^_2rf)L,, (3.11) 

d=0 

where [pjl] denotes the integral part of pl2. The isomorphism Fot, - k tells us that Fot, ® F/,, ^ . Also, we have 
the following fusion rule for the tensor product 



r(^+i)L, © Tf^L, © r(^/-i)L, , if n = 3, 

^{q+\)U © r^Li+L, © r^Li-L, © ^{q-\)U , if « = 4, (3.12) 
r(^+ 1 )Li © r^Li +L2 ®'^(q-\)Li, if « > 5 , 



for q> I. The previous computation is straightforward from the Zelobenko fusion rules (see IZell . §131, Thm. 5, or 
MFHI . Exercise 25.33, where there is a misprint since it should be E-, instead of Hi). 

Using the isomorphisms ( 13.1 lb and ( 13.121 ) we find that the Euler-Poincare characteristic of the complex ( 13.10b is k 
if p = 0, it vanishes if p = 1, and, for p > 2, it is F(p_i)i, if n = 3, F(p_i)£;+i, -i- F(p_i)L;_i, if « = 4 and F(p_i)i,+£, if 
« > 5. The corollary thus follows. □ 

As a direct consequence of the previous corollary we obtain the following result which we shall use in Subsection 

1421 
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Corollary 3.9. Let n > 3. The admissible S {V(n))-module W(n) W{n) has no isotypic component of type 

k in degree greater than 4. Also, the homogeneous component of degree 4 of W(n) ®s(V(n)) W(n) is isomorphic to 
A^V(n) ® A^V{n) as so{n)-modules; it may be decomposed as 



AV(n)® A-y(«) = 



FzL, e A'*y(n) e h^y{n) e k, ifn = 3, 

e TzL, -2L. e r2L, e A'* e K-v{n) e k, ifn = 4, 

e r2L,+2L2 © r2L, © A'*y(«) e h^v{n) e fc, ;/« = 5, 

r2L,+L,+L, © r2L,+L2-L3 © ^m+2L2 © r2L, © A'*y(«) e A'y(n) e fc, ifn = 6, 

r2L,+L,+L, © r2L,+2L, © r2L, © A4y(«) e h^v{n) e ^, ;/« > 7. 



Proof. The existence of an admissible epimorphism 5'(y(«)) ® A^y(«) ^ implies that the 5'(y(«))-module 

W(yi) ®s{V(n)) W{yi) is an epimorphic image of W{n) ® A^y(«), which has homogeneous components of degree greater 
than or equal to 4. By the previous corollary, the component of degree /9 + 2 of W(n) ® h^Vin), for /? > 2, is given by 



W(ji)p®h^Vin) 



l(p-l)L, »i, 

(r(p-i)L,+L2 ' 
r(p-i)L,+L2 e 



ifn = 3, 

Br(p_i)z.,-L2)®rz.,, if«=4, 
'Ti,, if«>5. 



Using the Zelobenko fusion rules we find that k ^ Fol, is not an isotypic component of W(yi)p ® A^V{n) for p > 2, 
which proves the first statement. 

For the second statement we proceed as follows. Using again the Zelobenko fusion rules for the tensor product 
A^y(n) ® A^V(n) ^ so(«) ® so(n), we find that 



A-V(n) (S A-V(n) = 



TiLi e V(n)e<:, 
i 2L1+2L2 



ifn = 3, 



r2i,+t2 ®r 

2Li+L2+i.3 ®r2Z.i+Z.2-i3 ®r2z.j+2Z,2 ® r2z,j ©F/^j+iT ©F/^j+i, 

r2L,+2t2 ®r2i, eFij+t,+i, eFt,+i, ei, 

r2Lj+2L2 ®F2Z.j ®Tli+L2+L^+L_^ ®^L^+L2+L^-L^ ^^L^+l^ ® 
F2L,+2t2 ffiF2Lj eFz,j+t,+i3+ij ffl Fi, +i, @ k, 



- 2L1+2L2 ' 



i 2Z.1+L2+/.3 ' 
F2Li+L2+i3 ' 
F2Z.|+Z,T+Z.3 « 



■■(7 = 4, 

■■ n = 5, 
■■(7 = 6, 

■■ (7 = 7, 
f (7 = 8, 
f (7 > 8. 



Taking into account that 



A^V{n) ^ V(n), 
A2y(«)-Fi,+i, 
A2y(«) - Fi,+i, 



and 



A'^yCn) ^ 0, 
A'^y(n) ^ ;t, 
AV(«)-y(«)-Fi,, 

A4y(«) - A2y(„) - Fi,+i„ 

AVW- AV(«)-Fi,+i,+i3, 
A'^yCn) - Fl,+l,+l3+l^ ©Fl,+l,+z,3_z,^ 
A'*y(«) ^ Fz,,+z,,+z,3+z.,, 
we obtain the desired decomposition for A^y(«) ® A^V{n). 



ifn = 3, 
if n = 4, 
if n > 5, 

if n - 
if n - 
if n 
if n 
if n 
if n 
if « 



= 3 
= 4, 
= 5 
= 6 
= 7 



3.3 Some algebraic properties of W(n) 

In this subsection we shall prove some algebraic properties of W{n) which will be very useful in the sequel. At the end 
of this subsection we briefly discuss a geometric interpretation of these properties. 

The following Lemma is analogous to Kunneth formula, even though the usual hypotheses are not satisfied (see 
IIMl,Thm. 3.6.1). 
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Lemma 3.10. Let C, = C,(YM(n),S(V(n))) be the complex ( I2.8l l for the admissible left YM(n)-module S(V(n)) and 
let z € S{y{n)) be a nonzero homogeneous element of degree d. After applying the functor S ( V(n)) /{z) ®s(y(n)) (— ) to 
the complex C,, we obtain the following short exact sequence composed of graded S (V (n))-modules and homogeneous 
morphisms of degree 

^ S{V{n))l(z) 05(V(«)) H,(C) ^ H,(S{V{n))l{z) 0sm„n C.) Torf'<"''(5(V(n))/<z>,/f,-,(C.)) ^ 0. 

Proof. First, we see that C, is a complex of free graded left 5(y(n))-modules. Its homology was computed in IHSI . 
Prop. 3.5. 

We consider a free graded resolution of the 5'(y(«))-module S{V{n))/{z}, which will be denoted by P., provided 
with morphisms of degree 0. Since the 5'(y(n))-module S{V{n))/{z} has projective dimension 1, we may choose P, 
such that Pi = for / > 2. 

We can apply Kiinneth spectral sequence (see II Weil . Thm. 5.6.4), which yields 

El, = Tor^""""(5(y(«))/<z>,//,(C.)) ^ Hp,g(S (V(n))/{z} ®s(vm C.). 

If we consider the double complex Dp^, - Pp ®s(v(„)) Cq, the previous spectral sequence is just the spectral sequence 
of the filtration by columns of D, ,. Hence, the first term of this spectral sequence is of the form E^^ = Hq{Dp ,) - 
Pp ®s(vui)) Hq{C,), since Pp is a free graded 5'(y(«))-modules, for all p. As a consequence, E^^j consists of only two 
columns p = 0, 1, so a fortiori, E^^ vanishes outside the columns p = 0,1. Hence we obtain a short exact sequence of 
graded 5'(y(n))-modules provided with homogeneous morphisms of degree (see IWeiL Exercise 5.2.1, corrected in 
the Errata) 

^ Tor^'>''""(5(V(n))/<z>,//,(C.)) ^ //,(5(V'(n))/<z) C.) ^ Tor^""""(5(V(n))/<z), H,_i(C)) ^ 0, 

which proves the lemma. □ 

Since H2{C,) - 0, the previous lemma implies that 

H2(r)m(n),S(V(n))/{z}) = H2{S(V(n))/{z)®s(vm O - Torf <"''(5(y(«))/<z), //i(C.)) 
-Tor7'""(5(y(«))/<z),mn))- 
On the other hand, there is a free graded resolution of the S (y(n))-module S {V{n)) / (z) of the form 

^ S{V{nm-j] ^ S(V(n)) ^ S(V(n))/{z} 0, (3.13) 

so the 5(y(«))-module 5(y(n))/(z) has projective dimension less than or equal to 1. From the previous resolution, we 
conclude that Torf "'"(5(y(«))/<z), W(n)) ^ annw(n)i-j](z), where ann„,(z) = {w e W : z ■ w = 0). 

We recall that q - 2)Li -^f £ S{V{n)). If z - q, then j = 2 and we obtain a homogeneous left 5(y(n))/(^)-Unear 
isomorphism of degree of the form H2{S{V{n))l{q) ®s(V(n)) C) ^ W(n)[-2]. 

Let us now assume that z - Xj. By the previous isomorphisms, we have that 

//2(i)m(«),5(y(«))/<^,)) - Tor7'"»(5(y(«))/<x,>,m«)) - annw(„)[-i](x,). 

Since we have chosen n > 3, then //„_i(y(«), 5'(y(n))/(x,)) = 0. 

Taking into account that q and x, are coprime in S{V{n)), the 5(y(n))-linear map on S{V{n))l{xi) given by mul- 
tiplication by q is injective. Proposition 12.61 tells us that H2{vjm{n),S{V{n))l{xi}) - 0. This in turn implies that 
anniy(„)(X/) = 0, for all / = so every x, is a nonzerodivisor on W{n) and hence the natural morphism of 

localization W{n) — > W(«)( j,) is injective for all / = !,...,«. 

We have proved the following result. 

Proposition 3.11. Let n > 3. The generators xi, . . . ,Xn e S(V{n)) are nonzerodivisors on W{n). 

The following fact is implicit in IMovl . 

Proposition 3.12. Consider q = Z'Li^i ^ S(V(n))andA = S(V(n))/{q}. There is a short exact sequence of graded 
A-modules 

^ Win) -> Qa/j 4; A+ ^ 0, (3.14) 

where A+ = ©m>iA„, is the irrelevant ideal of the Mo-graded algebra A, D.A/k is the module ofKdhler differentials of A 
over k and c/g^ is the map induced by the Eulerian derivation deu : A — > A. 
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Proof. We know that there is a homogeneous isomorphism W(«)[-2] ^ H2(A <S>s(v(n)) C,) of graded A-modules of 
degree 0. Inspecting the complex A ®s(V(n)) C,, we conclude that 



Ker(idA ® 1^2) = { ^ «/ ® : ^ aiXj - 



!=1 



because 



(idyl ® ^2)(^ Cli <S> Xi) - ^ (Oixj ® JC; - fl,XyX/ ® a:^) 

!=1 !J=1 

n n n 

= ^ fl;^ ® Xi - a,x,)xj ® 

,■=1 ;=i i=i 

n n 
7=1 '=1 

and thus (id/i ® t/2)(2/Li cl\ ® x,) = if and only if Yll=\ <^i^i - 0, for A is a domain. Also, 

n 

Im(idA ® di) - | ^ ax/ ® x; : a € a|. 

/=i 

The second fundamental sequence for the quotient A - S{V{n))l{q) is 

{q)l{q) A ®5(V(„)) Os(v(«))/i: ^ ^A/k 0, 

where = dq and ^(p ®s(v(„)) dz) = /?^fz, for z, p e S{V{n)). 

Since f2s(v(„))/j(: - 5(y(«)) ® V(«), by the isomorphism z ® x/ i-> z^fx; (see IIHartl . Example 8.2.1), we derive that, 
using this identification, lm{6) = Im(id/i ® £^3) and, moreover, the map 

(A ® y(n)) /Im(idA ® t/s) -> ^A/k 



/7 ® X/ I— > pdxi, 

is a homogeneous A-linear isomorphism of degree 0. In other words, there is a short exact sequence of graded A- 
modules 

0^A[-2]^A®V(n)^QA/k^0, (3.15) 

where the first mapping is a i-> cix, ® x/. Notice that A ® V{n) ^ (A[-l])". 

Finally, the morphism given by the inclusion Ke^idi) ^ A® V{n) induces a map of graded A-modules W{n) ^ 
H2{A ®s(v(„)) C,)[2] <^ (A ® y(n))/Im(idA ® J3) ^ O.Aik- It is readily verified that it provides the first morphism of the 
short exact sequence of the proposition. Also, it is clear that the map d'^^ is an epimorphism and its kernel coincides 
with the image of the previous morphism. □ 



Remark 3.13. Let n > 3. The projective spectrum of the graded k-algebra A — S {V{n)) / (q) gives an irreducible 
projective variety X with structure sheaf Ox and the finitely generated graded S( V(n))/{q}-module W(n) provides a 
coherent sheaf W{n)~ . Proposition \3.1 l\ may be interpreted as statins that the natural morphism a : W(n) — » r,{W(n)~) 
is in fact injective (see l[Mi]l , p. 115), a result implicitly used in 4Movf . We define M(n) — W(n)[2]. For reasons that 
will be clear later, we will prefer to work with M(n). 

Also, from the previous considerations we may derive the following fact mentioned in hMS'j . Example 4, and in 
4Movl/ ." the sheaf of Ox-modules M{n)~ is isomorphic to the tangent sheaf of X. This is proved as follows. We first note 
that the functor (-)~ is exact. Let / : X — > P(y(«)) be the inclusion ofX in V{V{n)). Since the functor i* is right exact, 
applying i* to the Euler exact sequence for the projective space (see l[Hart]l . Example 8.20.1, (fluy'^ . Prop. 2.4.4), we 
derive the exact sequence of sheaves of Ox-modules 

Ox ^ {Ox[l])" ^ /*(Tp(y(„))) ^ 0, 
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where the first map is induced by 



A ^ (A[i]r 

z H-> (zxu- ■ ■,zx„). 

We may compare this exact sequence with the one obtained by applying the functor (— )~ to the short exact sequence 
( 13.15b . This implies that 0.2^1, — '*('71p(V(„)))[— 2]. 

On the other hand, we can consider the short exact sequence of the normal fiber bundle of a subvariety (see llMiV , 
p. 150) 

— > 7x — > i* (Tp(v(n))) — > Nx\v{y(n)) — > 0, 

where Nx\v(V(n)) — 'Homo^.i! 11^, Ox) denotes the normal fiber bundle associated to the inclusion i . X ¥(V{n)) and 
I — {q)~ is the sheaf of ideals ofOr[y(n)) which defines X. In this case, we have the following chain of isomorphisms 

Nxp(V(ny) = 'Homo,(Ill\Ox) - (HomA«^>/(^)\ A))~ - (A[2])~ = OxYl], 

where the penultimate isomorphism is induced by the homogeneous A-linear isomorphism HomAdq) / {q}^ , A) A[2] 
of degree given by f fi^)- Also, the last map in the previous short exact sequence is induced by d'^^. Hence, 
Tx - W(n)[2r - MinT. 

The previous results allow us to give a geometrical interpretation of M(n) as the tangent bundle over X. Moreover, 
since X has a transitive action ofSO(n), it becomes a homogeneous space SO{n)/P,for some parabolic subgroup P 
with Lie algebra p ^ (50(n — 2) X fc) x V(n - 2), where V(n — 2) is an abelian Lie algebra within so{n — 2) acts by 
the standard representation and k acts diagonally. Both the tangent bundle M{n)~ and the tautological line bundle 
Ox[— 1 ] are homogeneous vector bundles associated to some irreducible representations of lowest weight —A over p, so 
we may apply Borel-Weil-Bott theorem in order to compute H'(X, E), for E equal to M(n)[i]~ or (M(n)~ iS>Ox MW~)U]- 
Amazingly, this gives plenty of information about the module M{n): it allows to prove that the natural morphism 
a : M{n) r,(M(n)~) is an isomorphism for n > 4 and also gives a complete description in case n — 3, to compute 
the groups Tor^*'''""(M(n), M(n)), etc. We shall not pursue these ideas in this article, since we shall replace them by 
shorter algebraic considerations. We refer to HHersV and references therein for a complete description of the previous 
geometrical insight. 

3.4 Homological properties of W{n) 
3.4.1 Generalities 

Let R and S be two A:-algebras, X a right /^-module, Y an R-S -bimodule and Z a left S -module. If Q, -» X and 
P, ^ Z are corresponding projective resolutions, we can consider the second term of the base-change spectral sequence 
E~p - Tor^(X, Tor^(y, Z)), given by the filtration by rows of the double complex Cp^q - Qq ®r Y ®s Pp. If 7 is a flat 
7?-module, it converges to Tor^(X ®« Y,Z) (see IWeiL Exercise 5.6.2). 

We shall consider the previous spectral sequence for the case R - S(V{n)), S = YM(n), Y = S(V(n)), Z - k and 
any graded 5 (y(n))-module X, given by 

El^ = W;'"""(^,Tor™'"'(5(y(«)),^)) ^ Tor™:;"(^,^). 

Notice that Tor™'^"(X, k) ^ Hp+qix)m{n), X). 

Remark 3.14. We choose Q. - A* V(n) ®X®S (V(n)) - C,(V(n), X®S (V(n))). It is easily verified that it is indeed a 
projective resolution of the right S (V(n))-module X. On the other side, we choose P, as the Koszul resolution ( 12.6b of 
the left YM{n)-module k. 

In this case, the base-change spectral sequence is given by the filtration by rows of the double complex 

Cp,q = Qq ®siv(n)) S(V{n)) ®YM(„) Pp - h."V{,n)®X® CpiYM(n),S(V(n))\ (3.16) 

with vertical differential d^^ ® idYM(n)i' where we consider the action ofV(n) on X ® S(V(n)), and with horizontal 
differential \Ai^-v{n)e:X ® d„ where d, is the differential ofC,(YM(n),S(V(n)y). 
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On the other hand, since Tor™""(5 (V(n)), k) ^ Hg(v)m{n), S (V(n))) and using Proposition 3.5 of IHS] and Proposi- 
tion l3.6l we have the admissible S (y(n))-linear isomorphisms 



Tor™""(5(y(«)),/t) ^ 



k, if • = 0, 
W{n), if. = l, 
0, if not. 



Thus, our spectral sequence has only two nonzero rows 



El „ - W'>"""(X, k) - HJV(n), X) (3.17) 



and 

E; ^ - Tor7'""(X, - //^(y(«),X® (3.18) 

The last isomorphism follows from the usual fact that Tor^'"°'(A^, A^) - H,{Ci, M ®N) (see OWeiL Thm. 5.6.6, Exercise 
7.3.5 for the Ext groups, which is analogous). 

Furthermore, since the spectral sequence has only two rows, it gives a long exact sequence of the form (see BWeil . 
Exercise 5.2.2) 

^ Hp{rim{n),X) ^ Hp{y{n),X) ^ Hp^2{V{n),X®W{n)) 
^ Hp^,{m{n),X) ^ Hp^mn\X) ^ Hp^^{V{n\X®W(n)) ^ . . . 
. . . ^ //2(i)m(«), X) H2(V(n), X) -> HQ(V(n), X ® W(n)) ^ 
^ //i(Dm(«),X) ^ //,(y(«),X) ^ 0, 

and the isomorphism //o(i)m(«), X) ^ Ho{Vin), X). 

However, since YM(«) has global dimension equal to 3, Hp(x)m(n),X) = 0, if p > 4. This implies that 

Hp^i(Vin),X) - Hp^iiV(n),X®W{n)), (3.20) 

for p>4. 

We shall be mostly interested in the case that X is given by the admissible 5'(y(n))-module W(n)®', for / 6 No, 
which is an admissible 5 (y(«))-module provided with the diagonal action. It is readily verified that, if X = W(n)®', all 
previously considered morphisms are in fact homogeneous of degree and 5o(n)-linear. For the rest of this subsection, 
all morphisms will also be 5o(«)-linear, unless we say the opposite. 

The long exact sequence ( 13.191 ) for X = W{n)'^' becomes 

^ Hp(T)min), Winf) ^ Hp(V(n), W(nf') Hp^2(V(n), W'(n)«^<'+") 
^ Hp^dmin), Winf') Hp^iiVin), Winf) ^ Hp^,(V(n), Winf^'^''') ^ . . . 
. . . ^ H2{m{n), Winf) ^ H2{V{n), W{nf') Ho{V{n), W(«)*''+'*) ^ 
^ Hiimin), W(nf') ^ Hi{V{n), W{nf') 0, 

and we obtain the isomorphism //o(i)m(n), W(n)'^') ^ Ho(V(n), W(n)*')- 
Also, the isomorphisms (13.20b tell us that 



(3.21) 



Hp^iiVin), Winf) - Hp^mn), W(nr'^'>), (3.22) 

for p >4 and / € Nq. 

In fact, a stronger statement relating these homology groups holds. 

Theorem 3.15. Let n > 3 and i > I. There is a long exact sequence of so{n)-modules and so{n)-equivariant morphisms 
homogeneous of degree zero 

^ //3(i)m(n), Winf') ^ Hi(y(«), W^(«)®t'+") -4 i/2(i)m(«), W{nf') -4 
^ H2(V(n), W(nf') ^ Ho(V(n), H'(«)®*'+") Hi{x)m(n), W(nf') ^ Hi(V(n), W(nf') -> 0, 
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and a collection of homogeneous so{n)-equivariant isomorphisms given by HQ{x)m{n), ^ HQ(V{n), and 

HoiVin), Win)) ^ A^V(n), Hi{V{n), W(n)) ^ A^V{n) V(n)[-2], 

H2(V(n), W(n)) ^ A^V(n) k[-4-], H,,{V{n), W{n)^') ^ KP+^'V{n), for p > 2, except = 2, / = 1. 

Proof. Let us first suppose that ; = 0, so W{n)®' ^ k. Taking into account that //4(r)m(n), W{n)^') vanishes, we have 
the following exact sequence 

H4iV{n),k) H2{V{n), W{n)) -> H3ir,m(n),k) HoiVin), k) Hi(V{n), W{n)) 
H2{i)m{n),k) H2{V{n),k) Ho{V{n), W(n)) -> Hi{i)m{n),k) Hi{V{n),k) 0. 

On the other hand, the isomorphisms Hp{V{n),k) ^ A''V{n), easily obtained from the Chevalley-Eilenberg complex, 
and 

Ho(x)m(n), k) ^ k, Hi(x)m(n), k) ^ V(n), H2(x)m(n), k) ^ V(«)[-2], H3(x)m(n), k) ^ k[-4l 

which follow from the Koszul complex i2.Si . imply that //o(y(«), W{n)) ^ A^V{n) and the following short exact 
sequences 

AV(«) ^ H2(V(n), W(n)) -> k[-4] 

and 

AV(«) ^ Hi(V(n), W(n)) V(n)[-2] 0. 

Note that we have used that the maps //2(i)m(«), k) — > H2{V{n), k) and //3(r)m(«), k) — > H},(V{n), k) vanish, since they 
are so(«)-linear maps between different irreducible representations. 

Since //p(i)m(«), k) = 0, for all p > 4 and Hp{V(n), k) ^ A'' there are isomorphisms 

HpiVin), W(n)) ^ A''+V(n), for all p>3. (3.23) 

Let us now assume that / > 1 . 

We shall first prove the following proposition. 

Proposition 3.16. Ifn > 3 and j e N, then Hp(V(n), W(n)'^-') - 0,/or p > n, and, in consequence, Hi(i)m(n), W(n)®0 = 
0,/or € N. 

Proof. The second statement follows directly from the first one, since by Proposition 12.61 there is an isomorphism 
H„(V(n), W(n)^j) ^ H^imin), 

Let us prove the first one, proceeding by induction on j. 

Assume that j - I. In this case, using ( 13.20b for / = we obtain that there is an isomorphism Hp+i{V{n),k) ^ 
Hp^i(V{n), W{n)), for p > 4, so Hp(V(n), W(n)) ^ A''+^V{n), for p>3. Then Hp(V(n), W{n)) = 0, for p > n. 

Supposing that the proposition holds for j - 1, we will prove it for j. In this case, the isomorphism ( 13.201 1 
for / = j - I implies that (y(n), W(n)®(>"')) - Hp^i(V(n),W{n)'^j), for p > 4. Hence HpiV(n),W(n)'^j) - 
Hp+2{V{n), = 0, for p > n. The proposition is then proved. □ 

As a consequence of the previous proposition, Hj,{v)m{n), = if ; > 1, and we obtain an exact sequence 

^ HjiVin), -> Hi{V{n), ^^(n)®*'^") ^ H2{r)m{n), Win)"") H2(V(n), W(n)*) 

^ Ho{V(n), ^ Hiimin), ^ Hi{V{n), ^ 0. 

On the other side, the vanishing of //.(i)m(n), for • > 3, yields that Hp{V{n), W(n)®'^'+'>) - Hp+2iV(n), lV(n)®'), 

for p > 2. By induction, it turns out that Hp{V(n), W(n)'^j) is isomorphic to Hp+2(j-i)(V(n), W(n)), for all p>2, j>2. 
Using ( 13.231 1. we see that Hp(V(n), W(n)^-') ^ A^^^^Vin), in case p > 2 and j > 2. We may summarize the previous 
information as follows; 

Hp{V(n), ^ AP^^'V(n) 

if p >2 and ; > 1, except in case p = 2 and i - I. This completes the proof of the theorem. □ 

The following remark describes some of the morphisms appearing in the exact sequence of Theorem l3.I5l 
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for p > A coincide with the differentials d^ 



If i - 0, the injections A'^Vin) ^ H2(V{n),W(n)) and A^V{n) =-> Hi{V{n),W{n)) coincide with d^^ and d^^. 



Remark 3.17. If i > 1, the maps S'^ and Si in the previous theorem coincide with the differentials d^Q and c/jo of the 
second term of the base-change spectral sequence, and the isomorphisms IIp(V(n), W(n)^') — > //p_2(V(n), 

■2 

p,0- 

V(n),W(n)) and A^V(n) =-> Hi 
respectively. Also, the isomorphisms Hp(V{n), W(n)'^') — > Hp^^iVin), W(n)®*'^'^)/or p > 5 coincide with differentials 

On the other hand, the total complex of the double complex ( 13.161 1 for X — which may be rewritten as 

'Cp,g = A«y(«) ® W(nf' ® Cp(YM(n),S(V(n))), 
is quasi-isomorphic to C,(YM(«), <^nd the quasi-isomoprhism is given by the map 

Tot('C.,.) ^ C.(YM(n), W(nf') (3.24) 

induced by the projection 

'C.,0 = Winf ® C.(YM(«), S (V(n))) C.(YM(«), W{nf') (3.25) 

given by the action of S(V(n)) on W(«)*", i.e. wi8>zi8>v i-> wz 'S> v, if z ® v belongs to Ci(YM(n), 5(y(n))) or 
C2{YU{n),S{V(n))) (we W{nT\ z & S{V{n)) and v e V(n)); and w ® z ^ wz, if z belongs to Co(YM(n),S(V(n))) or 
CT,{YM(n),S(V{n))) (w € W(n)'^' and z e S(V(n))). From this quasi-isomorphism, the maps B, and B'. appearing in 
Theorem \3.15\ can be described as follows. As it is usual, identifying E^p ^ with subquotients o/Tot('C,_,), the mappings 
Bi and B'. are induced by the composition of the inclusion and the quasi-isomorphism ( 13.24b (see hWei]l , Exercise 5.1.2, 
Exercise 5.1.3). 

Finally, let us describe the morphism /,■ : H\{i)m{n),W{n)'^') — > H\(V(n),W(n)'^'). In order to do so, we recall 
that, if E is a V(n)-module, the Lie algebra morphism n : r)m(n) — > V(n) given by the canonical projection induces 
a morphism of complexes C,(r)m(«), £) — > C,{V(n), E) . This in turn induces a morphism in the homology groups 
H,(r)m(n), E) — > II,{V{n), E). In particular, there is a map H\{r)va{n), E) Hi(y(n), E), induced by idg i8> n. 

On the other hand, from the comparison of resolutions achieved at the end of Subsection \2.2\ we see that the map 
idf ® inc : E ® V{n) E ® T)m(n) induces an isomorphism Hi{x)m(n), E) — > Hi(r)m(n), E). Therefore, if we choose 
as representatives of the homology IIi{x)m(n),E) the cycles o/Ci(YM(n), £), and as representatives of the homology 
Hi(V{n), E) the cycles of Ci{V(n), E), the mapping //i(i)m(«), £) Hi(V(n), E) induced by the identity idEs,v{n) 
coincides with the one induced by idg ® n. By liWeiV , Exercise 5.1.3, if we choose as representatives of the homology 
Hi (i)m(n), W(n)^') the cycles o/Ci (YM(«), W{nf'), and as representatives of the homology Hi {V{n), iy(n)®') the cycles 
of Ci{V{n),W{ny'), the map /,■ is induced by the identity '^dw{iif's)V{ny This shows that Ij also coincides with the 
morphism induced by idjy(„)« ® tt. 

Proposition 3.18. Let n > 3. The morphism S i : H2{V{n), W(n)) — > Ho(V{n), W{n)^^) is an injection. By exactness of 
the sequence of Theorem \3 .1 5\ B'^ is surjective and /J = 0. 

Proof. We proceed by inspection on the morphisms at the level of the double complex which defines the base-change 
spectral sequence (see II Wei L Exercise 5.1.2). 

In the first place, from the double complex ( 13.16b . Remark [3.17l and IWeiL Exercise 5.1.2, the morphism A'^V{n) = 
H4(V(n), k) <-> H2(V(n), W(n)) is induced by 



where the image element is a cycle in A^V{n) ® W{n). 
Also, the element 

^ Xi A Xj ® [xi, Xj] e A~V(n) ® W(n) 

\<i<j<n 

is a non trivial cycle, since it is the image of the cycle 

n 

(0, ^ Xi A Xj ® (xi ® Xj - Xj ® Xi), ^ Xi ®l® Xi, -1 ® 1 ® 1) 

l<i<i<n 1=1 
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in the degree 3 component of the total complex of the double complex ( 13.161 1 for / = 0. This element does not vanish 
in the homology of the total complex, since - 1 ® 1 igi 1 cannot be in the image of the vertical differential by degree 
reasons. Moreover, the image of this element in H3(x)m(n), k) ^ k is -I. 

We conclude that a basis for H2{V{n), W{n)) is given by the set of classes of the following collection of cycles 

{ ^ Ko")j^v,„ A X;^^,, (8) [jC,-,,3), : 1 < /l < 12 < h < U < «} U ( ^ Xi A Xj (g) [Xi, Xj]^. (3.26) 

o-eS4 l<i<;<;i 

By IWeil . Exercise 5.1.2, the morphism from HoiVin), W(n)) to Ho(V(n), W{n)^^) satisfies that 

creSi a-ES4 

^ XiAXj(Sl [Xi, Xj] ^ [X;, Xj] ® [X/, x^], 

1 </<;■<« l<i<J<ll 

for all 1 < i'l < /2 < /3 < /4 < n and it is not hard to check that these image elements are linearly independent in 
A'y(«)® A'V(«). 

Since W{n) is a graded 5 (V(«))-module and W{n)2 - A^V{n), it turns out that {W{n)(SiW{n))4 - A~V(n)(S>A^V{n) is 
the non trivial homogeneous component of lowest degree. Notice that the image of the basis (13.261) of H2{V{n), W(n)) 
is in fact included in (W(n) ® W(n))4 and this implies that 5 1 is an injection. □ 

Let us suppose that « > 3 and / > 2. The action of ^ = ® x, on W(n)®' is given by the coproduct of YM(n), 

so in order to make it explicit we will compute A^'*(^), which is of the form 

p=0 p.<;eNo 

/> + 9 < 1 - 2 

Proposition 3.19. //n > 3 and i > 2, then q is nonzerodivisor on the S {V{n))-module W{n)^'. 

Proof. We recall that Tor^'^^'^CF, Y') ^ TorJ^'-'^/t, Y ® Y'), where Y®Y' has the diagonal action. 

We first notice that {S{V{n))/{q))'^' is an algebra with the usual structure and that the hypothesis on n implies that 
q G S(V{n)) is irreducible (see IHartL Exercise 5.12) and hence S{V(n))/{q} is a domain. Since k is algebraically 
closed and S(V(n))/{q) is a finitely generated integral domain, {S{V(n))/{q)y^' is in fact a finitely generated integral 
domain (see EED, Thm. 14.1.5). 

The action of q e S ( V(n)) on {S ( V(n)) / is given by multiplication by the nonzero element 

2 Z l"w„))/<,) ® ® l"(V(„))/<,) ® ® l"m:«/<,)' e {SiV(n))/(q}r', 

/J + 9 < ( - 2 

and this shows that ^ is a nonzerodivisor on (S {V{n)) / {q))'^' . 

We claim that TorJj"''""((5'(y(n))/(q'))®", k) vanishes for p > 2 and a € N. In order to prove this result, we proceed 
as follows. The case a = 1 has already been analyzed, since the projective resolution (13.131) implies that S (V(n)) / {q} 
has projective dimension 1. If a > 1, then 

Tor;<''<°''((5(y(«))/<^>)«^fc)-Tor;'''<"''((5(V(«))/<^))«("-'>,5(y(«))/<^)), 

and the latter homology group vanishes, since S{V{n))/{q} has projective dimension 1. Our claim implies that the 
bounded below graded 5 (y(n))-module (S{V(n))/{q})'^" has projective dimension 1 for all a € N (see IIBer2l . Prop. 2.3 
and Cor 2.4). 

We will next prove that 

H„^i(V(n), (S(V(n))/{q}r'' ® Winf') = (3.27) 

and 

H,AV(n), (S (V(n))/{q}r" ® Winf) = 0, (3.28) 
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for all a,b e No such that a + b - i. The case a - Q follows directly from Theorem l3.15l Let us now assume that a e N. 
Since 

Hp(V(n\ (S(V(n))l{q)r ® - Tor^-'X^, {S{V{n))l{q)r ® 

- Tor7<"»((5(V(«))/<^»«^ Winf'), 

it suffices to show that this last homology group vanishes for p - n - \ and p - n. This is indeed the case, since, as 
explained before, the projective dimension of the graded 5 (y(n))-module {S(V{n))/{q})^" is 1. 

In view of the form of the projective resolution (13.131 1. ann^^„^»^_2]{q) is isomorphic to the homology group 
Tor^j"''""(5(y(n))/(^), so it suffices to show that this last group vanishes in order to prove the proposition. 

In fact we will prove a stronger statement asserting that, for every a, ^ 6 No such that i - a + b > 2, the homology 
group 

Tor\""'\S(V(n))/{q},(S(V(n))/{q}r" ® Winf) - ann^sm (q) 

vanishes, holds. The case a = / and b = follows directly since ^ is a nonzerodivisor on {S(V{n))/{q))^', as previously 
stated. 

Let us now assume that / > 2. We shall proceed by induction on b. The case b - Q (so a - i) has already been 
proved. 

Let us assume that Tox\'""\S{V{n))l{q), (S (V(n))/{q}f^'-j'> ® W(np) vanishes for y = 0, . . . ,^ - 1 < where 
b > I. We shall prove that it also vanishes for j - b < i. 
Since 

(^r"'* ® W^') - Tor;""((^f ® W), 

where we have omitted the index n, it suffices to prove that the last homology group vanishes. 

By the inductive hypothesis, ^ is a nonzerodivisor on (5'(y(«))/((7))®*'^'"''' ® so Proposition l2.6l implies 

that 

H2{x)m{n), (^f C-i-") ® W(«)«<^-") - //„-i(y(«), (^f ® (^-'>). 
Also, the same proposition tells us that 

Isomorphisms (13.27b and (13.28b imply that the previous homology groups vanish. Using the previous computations 
and the exact sequence ( ITT9T l forX = (5(y(n))/(^))®('+'"''> ® we conclude that 

Hi(y(n),X®W(n)) ^ H3(V(n),X). 

Isomorphisms (13.20b tell us that this homology group is isomorphic to Ho,^2{b~i){V(n), (S {V(n))/{q)y^'), which vanishes, 
since {S{V(n))/{q})'^' has projective dimension 1. The proposition is thus proved. □ 

From the proposition we obtain the following corollary. 
Corollary 3.20. Ifn > 3 and i > 2, then //2(i)m(«), = 0. 

Proof. Since <7 is a nonzerodivisor on W{nY" by Proposition 13.191 and H„-i{V{n),W{n)'^') = by Theorem 13. 151 
PropositionlZelvields that H2{r)m{n), W(n)®') = 0. □ 



3.4.2 The minimal projective resolution of W{n) and other results 

We define M{n) - W{n){2'\. We shall focus ourselves on M{n) instead of W{n) because of the following homological 
properties (see also Remark [3.13b . 

Proposition 3.21. The No-graded S (V{n))-module M{n) is Koszul, i.e. Tor*"''""(M(n), k) is concentrated in degree p, 
for all p e No- 



25 



Proof. Let us first consider n - 2. Since W(2) ^ k[-2] (see Proposition 13. 21 ) and S(V(2)) is a Koszul algebra (where 
the Chevalley-Eilenberg resolution of the Lie y(n)-module k coincides with the Koszul resolution), M(2) is a Koszul 
5(y(2))-module. 

Let now « > 3. Taking into account that TorJj"'""'(M(n), k) ^ Hp{V{n), M{n)), the proposition follows from Theorem 
I3.15l since it implies that 

//o(V(n),M(«)) - Ho(V(n), W{n))[2] - (A-y(n))[2], 
Hi(V(n),M(n)) ^ HiiV(n), W(n))[2] ^ (AV(n))[2] y(n), 
//2( V(n), M(n)) ^ //2(V(n), H'(n))[2] ^ (AV(n))[2] ;t[-2], 
Hp(V(n),M(n)) ^ Hp(V(n), W(n))[2] ^ (A''+V(«))[2], 

for p > 3. □ 

As explained in ||Ber2| . Prop. 2.3, the minimal projective resolution P(M(n)), of the graded S (y(«))-module M(n) 
for n> 3 has the form: 

O^S ( V(«)) ® Tor^,"'<""(M(«), k)^S {V{n)) S> Tor^'_7»(M(«), A:) ^ » 

^ 5(y(n))®Tor;"'"'"(M(n),fc) S (V(n)) S>ToT'^;"'"\M{n),k) -> M(«) 0. (3.29) 

This in turn implies that, if is another No-graded S (y(«))-module, then TorJ"^'""(M(«), A^) has homogeneous compo- 
nents of internal degree greater than or equal to /. 

We shall find a differential for the previous resolution ( |3.29t . In order to do so, let us consider the Chevalley- 
Eilenberg complex R(M(n)), = {C,{V(n),S(V(n))),d^^) for the regular module S{V{n)). It is acyclic in positive 
degrees since its homology is H,{V{n), S {V(n))) = for • > L Notice that R{M{n)),+2 is a graded vector subspace of 
S (V(n)) ® Tori""""(M(«), k) for • 6 Nq. 

We define d^ of the minimal projective resolution of M{n) as follows. If v e R{M{n))p+2, for p > 1, we take 
dP(v) = d'^^iv). Let us denote {ei, . . . , e„) a basis of y(«) c Hi(V(n),M(n))and {c} abasis of;t[-2] Q H2(V(n), M(n)y, 
given z e S{V{n)). We set 



n 

c/f (z ® e,) = ^ zxj ®XjhXi. (3.31) 



The differential d^, for • € N, is given extending A:-Unearly. 

Finally, the augmentation morphism d^ : P(M(n))o — > M(«) is given by 

do(z ® Xi A Xj) = xjl (3.32) 

By Corollarv l3.7l M(«) is a finitely generated 5'(y(n))-module with set of generators {[x,-, xj] : I < i < j < «), so d^ is 
surjective. 

It is readily verified that d^ is a homogeneous 5 (V'(«))-linear and 50(n)-equivariant map of degree and dp o c/j^^j = 
0, for all p 6 No. 

Furthermore, we will now prove that the complex P(M(n)), is acyclic in positive degrees and hence a resolution 
of M(n). On the one hand, since H,(P(M(n))) - H.+2{R(M(n))) for • > 3, the exactness of P(M(n)))., for • > 3 is 
direct. The case • = 2 is also direct, for the differential given in (13.30b is injective. The other cases, i.e. • = 0, 1, can 
be checked as follows. 

For • = 1, let us consider z = z' + z" & Ker(j{') with 

^ = X ® ^" ^ ^ ^ ^(^(n)) ® (AV(n))[2], 

1</] <i2<h 
n 

z" = ^ 2; ® Ci e 5(y(«)) ® y(«), 



i=i 
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and thus d^(z") e Im(ii3 ). Since \m{d^^) - Kei(d2 ), we see that 

= (i™(c/f (z")) = ^ {zixj®Xi-ZiXiXj®Xj). 

l<ij<n 

Therefore, it turns out that c/j^ o d^\s(v(n))»v(ii) - do, where d2 is the differential of C.(YM(«), 5(y(«))) given by ( 
and z" e S{V{n)) ® V{n) belongs to the kernel of d2- By Proposition 3.5 of IHS], H2{r}m{n),S{V{n))) = and, as a 
consequence, there is a w € 5 ( V(n)) such that z" - d\ (w) - d!^{w ® c), so the complex P{M(n)), is exact in degree 1 . 

The only condition left to prove for P{M{n)), to be a resolution of M(n) is that Kei(d^) - lm{d^). We start 
observing that the following diagram 

< 

S {V{n)) ® A^V{n) ^ M(n) 



Ker(c/i) Ker(t/i)/Im((/2) 

is commutative, where n is the canonical projection and <1) is the isomorphism of Proposition 13.61 Then, given w € 
S{V(n)) (g) A'y(«), w € Ker((i„) if and only if there exists w' € 5(y(«)) ® y(«) such that £/^^(w) = d2(w'). Taking into 
account that d2 - c/™ o d^\s(v(n))<sv(n), it turns out that d2^(w) = c/2^((i{'(w')), or, equivalently, w - c/f (w') e Ker((i™) = 
lm(d^^). The fact that c/™ = c/f l^(M(n))3 yields that Ker((ig ) = Im((if). 
We have thus proved the following result. 

Proposition 3.22. Let n > 3. The complex ( 13.291 1 provided with the so{n)-equivariant differential c/f satisfying 
d^\R(M(n)) — * I3.30I ) and ( 13.31b a minimal projective resolution of the graded S (V{n))-module Min). 

Let 7? be a graded commutative A:-algebra, and let A^, A^', M and M' be graded /^-modules. By mimicking II Weil . 
Application 2.7.8 and Exercise 2.7.5, the external product 

Tor;(M, M') ®R Tor*(A?, N') Tor*_,/M ®r N, M' ®r N') 

is an 7?-linear map homogeneous of degree 0. It can be constructed as follows. If P, ^ M, P', ^ N and P'J M®rN 
are respectively graded projective resolutions of the graded 7?-modules M, N and M ®r N, there exists a morphism 
Tot(f . ®j? P',) P'^, unique up to chain homotopy equivalence. The external product is then induced by the morphism 
Tot(P. ®R M' ®R p: ®r N') ^ P'J ®R (M' ®R N'). 

We are interested in the case R - S(V{n)), N = N' = S{V(n))/{q} (which will still be denoted by A, as in 
Proposition 13. 12b . M = M{n), i - and 7 =1. We shall also assume that M' is a graded A-module. By taking into 
account the graded S (y(«))-linear isomorphisms M{n) ®s(V(n)) A - M{n) and M' ®s(V(ii)) A - M', we shall consider the 
S (y(n))-linear map homogeneous of degree 

^M'^ : Tor;;''""(M(«),M')®s(V(„)) Tor^/'"""(A, A) -> Tor;;;;"(M(«), M'). 

But Tor* '"'""(A, A) ^ A, so the previous map is in fact 

x^'i : Tor^"""»(M(n), M') Tor^'^f (M(«), M'). 

We take P, = P'J = P{M{n)), and P', given by ( 13.13b with z = qof degree d - 2. In this case we must find a chain map 
t. : Tot(P(M(«)). ®s(V(n)) P'.) ^ P(M(n)).. 

Since P', consists of only two non-zero terms, the double complex Cp^q = P(M(n))p ®s(V(n)) P'q has only two non 
trivial rows q - 0, 1. We define the morphism f, as follows. In the first place, if v 6 C^o = P{M{n))p ®s{V(n)) 
S(V(n)) ^ P(M(n))p, let fp(v® U) = v. Suppose now that p > 1 and v' e Cp-n = f(M(n))^_i ®s(V(n}) S(V(n))[-2] ^ 
P(M(«)Vi[-2]. 

There is an isomorphism P(M(n))p ^ R(M(n))p+2 © Cp as graded 5'(y(«))-modules, where Ci - S{V{n)) ® V{n), 
C2 - S{V(n))(Sik[-2] and the other ones are trivial. Consider an 5 (y(«))-linear map s. : P(M(«))._i[-2] P{M{n)). 
homogeneous of degree for • e N and represented in matrix form as follows 

/ 1.1 1,2 

'•-[si' si' 
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where s','^ are maps of graded 5 (V(«))-modules defined as follows: 

si-' : 7?(M(n)Vi[-2] ^ R(M(n))p^2 

n 

Z® Xi^ A ■ ■ ■ A Xi^^^ H-> ^ zx; (g) X/ A A ■ ■ ■ A Xi^^^ , 



1=1 

if' : S{V{n)) ® (AV(«)) ^ 5(y(«)) (8> 

z (g) A X/, i-» (zx^ ® Xh- zxh ® X,,), 



and = 0, for p > 1. Also, 



4^ : 5(y(«))®y(«)[-2] ^ S(V(n))®{k[-2]) 
z ® e; i-> zx/ ® c, 



and sf = 0, if p 2. Finally, 4'^ = 0, for all /? e N. 

It is trivially verified that s, satisfies o i, — Q, d o s + s o d - q.{~-) and the external product x"'j coincides with 
the morphism induced in homology by id^ ®s{V(n)) ■Sp+i, for p e No- 
We have the following simple result. 

Proposition 3.23. Let 

n 

X - ^(x/ igi 1 - 1 igi X,) ® X; eA®A® y(«) 

1=1 

be a cycle of the Chevalley-Eilenberg complex for the homology ofV(n) with coefficients in A® A. It is a generator of 
Tor'/''""'(A, A) as an S{V(n))-module. 



Proof. It is easily verified that x is a cycle. Also, since there are no boundaries for Tor'j'2""(A, A), by degree reasons, 

rr 



it cannot be a boundary. Since x has internal degree 2 and Tor|'"""(A, A) ^ A[-2], x must be a generator of the 



5(y(«))-module Torj'"""(A, A). □ 



The previous proposition yields a useful description of the image of Xg 



MO,) 
1 ■ 



Corollary 3.24. The image ofx^'^' is the set of elements of degree j >2 in Hi(V{n), M{n) ® M{n)) of the form 

n 

^ ^(m/x/ ® m'l - mi® m'jXi) ® x;, 

/=1 leL 

for L a finite set of indices and mi, m'^ e M{n) homogeneous of degrees di and d'^ such that di + d'^ - j - 2, for all I e L. 
These elements will be called generic. 

Proof. By the previous proposition, 

n 

y^x/ ® I - 1 ® Xi) ® Xi 

1=1 

is a homogeneous generator of the graded 5(y(n))-module Torj"'"'"(A, A). Since the morphism x*"j' is 5'(y(n))-linear 
homogeneous of degree 2, the elements of its image are of the prescribed form. □ 

We want to describe the kernel and cokernel of the map x^'J". As Tor^'"""(A, A) ^ A[-2], it has homogeneous 
components of degree greater than or equal to 2. By degree reasons, the cokernel of the external product for M' - M(n) 
contains the homogeneous component of internal degree 1 of Tor^"''""(M(«), M(«)), which is an N-graded S{V{n))- 
module by the Koszul property of M{n). 

In this case, we can consider the following mixed complex of (non graded) A-modules B{M'), = M' ®s{v{n)) 
P{M{n)), with vertical differential id^' ® and horizontal differential id^' ®s(V{ri)) ■s.+i- Since q acts by zero on 
any A-module, the previous conditions imply that {B(M'),,d,, satisfies the definition of a mixed complex (see 
[al). We recall that the first quadrant Connes' double complex associated to the previous mixed complex is defined 
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as B(M')p^q - B(M')g-p if Q < p < q and zero otherwise, H,(B(M')) denotes the usual vertical homology of B(M')„ 
and the homology of its total complex is called the cyclic homology HC,{B{M')) of the mixed complex B{M'), . 

The filtration by columns of Connes' double complex yields the so-called Connes' spectral sequence, which also 
gives that HCo{B(M')) ^ Hq(B(M')) and that the first cycHc homology group HC\{B{M')) fits in the low degree exact 
sequence of A-modules (see IWeiL 9.8.6) 

Hi(B(M')) HoiBiM')) HC2(B(M')) Ho(B{M')) Hi(B{M')) HCi(B(M')) 0, (3.33) 

where the first and the fourth map are induced by id^- ® ^2 and id^- ® 5i, respectively. So, HCi(B{M')) is isomorphic 
to the cokernel of the map x^' j (without considering the grading). When dealing with these mixed complexes we will 
not take into account any grading. 

If — » Mj — > M'2 — > M3 — » is a short exact sequence of A-modules, it induces in turn a short exact sequence of 
mixed complexes — > B(MJ) — > B{Mi,) — > B(M'^) — > 0, so a short exact sequence of the corresponding total complexes 
(see IWeiL Exercise 1.3.6) and hence a long exact sequence of cyclic homologies 

■ ■ ■ HCp{B(M[)) ^ HCpiBiM'^)) ^ HCp(B{M',)) ^ HCp-,{B(M[)) ^ ■■■ 

If M' - A, the total complex Tot(f (M(n)), ®s(y{n)) P',) computes Tor^"'""'(M(n), A), which can also be computed 
from any of the complexes M{n) ^s(V(n)) P', or PiM{n)), ^s{V(n)) A. Moreover, the canonical projections from the 
total complex to either M(n) ®s(V(n)) P', or P{M{n)), ®s{v{n)) A are quasi-isomorphisms. By simple diagram chasing 
arguments, the component of the quasi-isomorphism from M{n) ®s(v[n)) P', to P{M{n)), ®s{V(n)) A passing through 
Tot(P(M(n)). ®s{V(.n)) P',) in degree • = 1 is induced by {jia ® idp(M(n))) ° ■si , for '■ S(V{n)) A the canonical 
projection. This implies that j is an isomorphism. 

On the other hand, the associated mixed complex B(A), has only vertical homology Ho{B(A)) and Hi{B{A)) and the 
first term of the Connes' spectral sequence E^^^ - Hq-p{B{A)) for B{A), satisfies that cTp ^ : — > Epp_^i coincides 
with Xq j, hence it is an isomorphism. As a consequence, HC,{B(A)) - 0, for • > 1. 

The short exact sequence of graded A-modules 0— >A+— >A— >^^0 (where A+ is the irrelevant ideal of A) 
implies that HC.(B(A^)) ^ HC.+i(B(k)), for • > 1. It is direct to check that HCi(B(k)) ^ A^V(n) e A^V(n) e V(n) 
and HCA{B{k)) ^ A^V(n) e h.^V{n) e A- V(«) e k, since all morphisms of B{k) are zero. It follows that i/C2(B(A+)) ^ 
A^ V(«) e A^V{n) e V{n) and HCj,(B{A^)) ^ AV(«) e K^V{n) e A-y(n) e k. 

The long exact sequence of cyclic homology obtained from the short exact sequence of graded A-modules given by 
( 13.151 ), is given by 

^ HCx{B{^lAik)) -> HCq{B{A[-2])) ^ //Co(B(A[-l]")) HQm^Aik)) 0. 

It is direcdy verified that HCq{B{A[-2])) ^ M(n)[-2], i/Co(B(A [-!]«)) ^ M(n)[-1]" and, under these identifications, 
the map HCq{B{A[-2\)) — > HCq{B{A[-1]")) coincides with w Xi/Li wx/ (8>x/ and it is injective, since annw(;i)(-«i) - 
for all ;• = (see Prop. [Tm i. implying that HCx{B{CLAik)) = 0. Since HC.{B(A)) = 0, for • > 1, we find 

that HC,{B{Q.A/i<)) - 0, for • > 2. Hence, the long exact sequence of cyclic homology obtained from the short 
exact sequence of graded A-modules given by ( I3.14l i assures that HC2(B(A+)) ^ HC\(B{M{n))), so HC\{B(M(n))) ^ 
A?V(n) e AV(«) e V(n). Hence, the cokernel of the map x*"j' is isomorphic to h?V{n) e A^V(n) e V(n) as fc- vector 
spaces. 

The previous considerations also imply that HCt,{B{A+)) ^ HC2{B{M{n))), and, in consequence, HC2(B{M{n))) ^ 
lS.^V{n) e A4y(n) e h^Vin) e k. Moreover, Theorem[3j5]tells us that H2(B(M(n))) ^ H2(V{n), M{nf^) ^ A^V(n), so, 
from the proof of Proposition l4.7l in the next section, we obtain that the homology classes of the cycles 

{ ^ ® [^'V(3)'-*^/<r,4)] ® ^'V(5) ^ Xi^,6) : 1 < '1 < '2 < '3 < U < h < k < «} 

creSi 

provide a basis composed of elements of degree 2 of H2{V{n), M{n)'^^). Since the second map of the low degree exact 
sequence ( 13.331 ) is induced by the inclusion of the complex {B(M(n)),, d,) in Tot(B(M(«)),_,) and the components of 
the boundaries of Tot(B(M(«)),_,) in B(M(«))o_2 have degree strictly greater than 2, we deduce that the previous list of 
homology classes is also linearly independent when considered in Tot(B(M(«)),_,), and therefore, the second map of 
long exact sequence ( 13.331 ) is injective and the kernel of the map x^'j" is isomorphic to A'^V{n) © A^V{n) © A: as A:-vector 
spaces. 

We shall first give an explicit description of the cokernel of the external product. 
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Proposition 3.25. Let n > 3. There is a sequence ofk-vector space isomorphisms 

Coker(x;'7) ^ Tor'j";"'"(M(«), M{n)) ^ AV(«) e AV(«) e V{n), 

where we consider for each direct summand o/Torj' j*""(M(n), M(n)) the following bases given by the homology classes 
of the cycles of the Chevalley-Eilenberg complex C\(V{n), M(n) ®s(V(n)) M(n)): 

(i) for V(n): 

( ^ [Xi, Xj] ® [Xi, Xj] ® JC; + ^ {[Xl, Xi] ® [Xi, Xj] ® Xj + [Xi, Xj] ® [Xl, Xi] ® Xj)]^^^^^^, 
\<i<j<n l<ij<n 

(ii) forA^V(n): 

n 

■^^1^(2)] ^ [-^(Vo)' -^/l + X;] A [x,-^,2,, X/] ® Jfv(3))}j^^. ^. 

f!7/j forK^Vin): 



</3</'4</5<n 

o-eSs 

Proof. The fact that these classes are cycles of the Chevalley-Eilenberg complex is direct but rather tedious to check. 
Also, it is easy to see that they all belong to 

(Ci(y(«), M(n) ®s(V(,,)) A^(n)))i = M{n)Q ® M(«)o ® V{n) = A2y(«) ® aV(«) ® V{n), 

where there are no boundaries by degree reasons. We leave the simple but rather long proof that they all form a linearly 
independent set, which mostly depends on degree reasons. 
On the other hand, since 

A^y(«) e AV(«) e = Coker(x;;';") 3 Tor;";""'(M(n), M(«)) 2 AV(«) ls?V{yi) V{n), 

all previous inclusions must be equalities and the proposition follows. □ 

Finally, we will provide an explicit description of the kernel of the external product. 

Proposition 3.26. Let n > 3. There is an isomorphism of graded k-vector spaces, homogeneous of degree 0, 

Ker(X^P ^ A'*(y(«)[l])0 A2(y(n)[l])0;t, 

where we consider for each direct summand the bases given by the homology classes of the following cycles of the 
Chevalley-Eilenberg complex Co{V{n), M{n) ®s(V(n)) M(n)): 

(i) fork: 

I ^ [x;,Xj] ® [x;,x;]}, 

!<!< j<n 

(ii) forIS?V{n): 

n 

(Hi) forA'^V(n): 

{ Zl ^(cr)[x;^,„,X,-^,,,] ® [x;^,3,,X,-^,„]}^ 



<ii<i2<i3<i4<n 
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Proof. As in the proof of the previous proposition, it is direct but tedious to verify the fact that these classes are cycles 
of the Chevalley-Eilenberg complex. Also, it is easy to see that they all belong to 

(Co(y(«), M(«) ®s(V(n)) M{n)))o = M(«)o ® M(«)o = A^n) ® A^n), 

that they belong to Ker(XQ'j") and that they all form a linearly independent set, always using degree considerations. 
Finally, since 

A\V{n)[l])(BA^(V{n)[l])(Bk^ Ker(x;;7) 3 Tor"^ J^'" (M (n), M(n)) 2 A\V{n)[l])(B A\V(n)[l])(B k, 
all the inclusions must be equalities and the proposition follows. □ 

Remark 3.27. It is clear that k e A'^(y(n)[l]) c Ho{V{n),S'^M(n)) and A^{V{n)[l]) c Ho{V{n),A^M{n)). It is 
not difficult to find exactly which irreducible so{n)- representations among the ones given for the decomposition of 
Hofl(V(n), Min)"^^) in Corollary^^belong to Hofi{V{n),S^M(n)) or Ho,o(V(n), A^M(n)). On the one hand, we recall 
that if A is a dominant weight and a a positive root ofso{n) such that A(Ha) + 0, then Y2A £ -S^r^i and Y2A-a £ A^r,i 
{see HFH\I . Exercise 25.32). First, applying the previous fact to A — Li for n — 3, we see that 

r2L, QHo.o(V{n),S^M(n)), 

and secondly, to A — Li + lafor n > 4, we find that 

r2L,+2L, £//o,o(V(n),5'M(«)). 

Also, for a suitable a in each case, we conclude that 

Til, +l, £ HodV(n), A^M{n)), ifn=5, 
QHQdV(n),A^M(n)l ifn^b, 
r2L, +L,+L, £ Ho.o(y(n), A^M{n)\ ifn > 7. 

Using a dimension argument, it is not difficult to check that, for n > 5, IlQx>(V(n), A^M{n)) ^ A~(y(«)[l]) A A^(y(n)[l]) 
is the direct sum 0/ A^(y(n)[l]) and the modules appearing in the previous list, in each case {see HFHV . Eq. {24.29) 
and {24.41)). The same argument implies that IlQfi(V{n), A^M{n)) ^ A^(y(«)[l]) A A^(y(«)[l]) is the direct sum of 
A^(y(n)[l]) andYzLt forn - 4. Finally, for n - 3, //o,o(y(n), A^M(n)) is isomorphic to A^(y(n)[l]). 

As a consequence of Corollary 13.201 and Proposition 13.251 we may obtain the following corollary, which corrects 
the one stated in IMovl . Corollary 21. 

Corollary 3.28. Let n > 3. The graded S (V(n))-module VK(n)®' is free { or projective, or fiat) if and only if i > 
max{2,(« - l)/2). 

Proof. Since W(n)®' is a bounded below graded 5(y(n))-module, it is free (or projective, or flat) if and only if 
//.(y(n), W(n)®') vanishes for all • > (see llBer2l . Prop. 2.3 and Cor 2.4). By Theorem [TBI we see that this 
is never the case for / = 1. Moreover, Proposition 13 .25 l implies that IIi(V(n), W(n)®^) does not vanish, so we assume 
that ;■ > 3. 

Theorem [TTSl tens us that, if /? > 2, then Hp{V(n), W(n)®') ^ A''+^'y(n) vanishes if and only if p + 2i > n, i.e. 
i > (n- p)/2. Hence, the collection of homology groups {Hp{V{n), W(«)®'))p>2 vanish if and only if / > (n - 2)/2. 

FinaUy, by Corollary |320l H2(r)m(n), W(n)^') = for / > 2, which impUes that the map S'. : Hi{V{n), W{nY') 
//i(y(«), W(«)®*'^'*) is an isomorphism. Therefore, there is an isomorphism //i(y(«),W(n)«") ^ A^+^^'-^'>V(n), foi 
i > 3. Then, Hi(V(n), W(n)®') = if and only if 1 + 2; > n, i.e. i > (n - l)/2. The corollary is thus proved. □ 

Remark 3.29. Since M{2) — W(2)[2] is isomorphic to the trivial admissible S (V{2))-module {see Proposition \3.2h it 
is not hard to see that Theorem \3.15\ Propositions \3.16\ and \3. 19\ and Corollaries \3.20\ and \3.28\ are not true ifn = 2. 
Nevertheless, it may be directly verified that Propositions \3.18\\3.25\ and \3.26\ are valid even ifn = 2. 
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4 The cohomology H'(x)m(n), Ker(6tt,m(„))) 

In this section we shall compute the cohomology groups //''(r)m(n), Ker(et,,,i,(„))) and 7/^(t)m(n), Ker(etDm(«))), which 
will be used in the next section in order to determine the first Hochschild cohomology group of the Yang-Mills algebra 
YM(n), for « > 3. From now on, we shall assume that n > 3, unless otherwise stated. All morphisms will also be 
so(n)-equivariant, unless we state the contrary. 

4.1 Analysis of the spectral sequence 

To simplify notation, we shall denote the augmentation ideal Ker(6ti,m(„)) simply by /. 

Let us consider the increasing filtration F,I of admissible YM(n)-modules of / given by 



F.I 



I, ifp>-l, 
rp, if p < -2. 



The previous filtration is exhaustive and Hausdorff and it induces an exhaustive and Hausdorff increasing filtration 
F.C,{YM{n), I) on the complex C.(YM(n), /), with F.C.(YM(n), /) = C.(YM(«), F.I). Therefore, we obtain a spec- 
tral sequence whose zeroth term is 

E% = FpCp^,/Fp^,Cp^q = Cp^,{YM(n),FpI)/Cp^,(YM{n),Fp^iI) - Cp^,{YM(n),FpI/Fp^iI). 

Moreover, the isomorphism of graded algebras TYM(n) ^ TW{n) yields an isomorphism of admissible X)m{n)- 
modules 

jl-P/I-P^^ ^ W{nT^-P\ if p < -1, 
0, ifp>0. 



Fpl/Fp^il 

Son the initial term of the spectral sequence may be written as 



As a consequence. 



Ep,, - Cp,,(YM(«), FpllFp^.D - <! ^ 



1 _ (//p+,(i)m(«),W«(-">), if/9<-l. 



By Corollary [320l //2(qm(n), = 0, for / > 2, so we see that E\_ = 0, for all ;5 e Z \ {-!). Also, 

Proposition ^. 16| tells us that i/3(t)m(n), 'W(nf^~) - 0, for / > 1, so we have that ^ - 0, for all p e Z. Furthermore, 
Hj{y)Vt\{n),'W(nf^~) - for j i {0, 1,2,3) and / e No, so by Corollarv 13.281 the spectral sequence is bounded and 
therefore convergent. Thus, H^{x)m{n), I) - 0. 

We may present the previous results in a pictorial way. 
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Figure 1: First step El . of the spectral sequence. The dotted lines show the limits 
wherein the spectral sequence is concentrated 



We shall study the differential 

^-1.3 : -Ell 3 = H2(r)m(n), W(n)) ^ Hi(r)m(n), W(nf^) = filj^. 

We will see in Proposition 14.91 that the kernel of the map d[^^ is exactly V(«)[-4], for which a basis was given in 
Proposition 13.251 and Corollary 13.241 This implies that £^13 - V(n)[-4]. Hence, H2{i')m{n), I) is a subquotient of 
y(«)[-4]. However, since the spectral sequence is defined in the category of 5o(«)-modules, H2{vim{n), I) must be a 
subquotient as an so(«)-module. As V(«)[-4] is an irreducible 50(«)-module, //2(r)m(n),/) can only be V(«)[-4] or 
trivial. This last possibility is impossible, due to the fact that, given ; = 1, . . . , «, the homology classes of the cycles 

Y[^[xi, xi] iS> X, € C2(t)m(«), ti)m(n)) c C2(i)m(n),/) 

1=1 

considered in Lemma |4r2] form a linearly independent set, by internal weight reasons. 
Therefore, we have proved the following theorem. 

Theorem 4.1. If n > 3, //2(i)m(n), Ker(eti)iii(n))) = ^^2(i)iTi(n), ti)Tn(«)) is isomorphic to V(n)[-4] as a graded 50(n)- 
module and //3(i)m(n), Ker(eti)m(n))) vanishes. 

4.2 Computation of the kernel of 3 

In this subsection we shall prove that Ker(ii'^j 3) ^ V(«)[-4]. 

We recall the isomorphism of admissible t)m(«)-modules W(n)®^ - h^W{n) © S~W{n), and the surjective map 
Sj : H\{V{n), — > //2(i)m(n), W(n)) given in Theorem l3 . 1 5 1 (see Proposition l3.18b . If we define the homology 
groups 

//2,,(:)m(«), W(n)) = lm{B\\H^(V{n),s^w{n))) 

and 

//2,«(i)m(n), W(n)) = lm(B[\H,(v{n)A''w{n))), 

it turns out that //2(i)m(«), W{n)) - H2,s(j)m{n), Win)) + //2,a(i)m(n), W{n)). 
The following lemmas will be useful in the sequel. 

Lemma 4.2. The image under B'^ of the homology classes of the cycles x in W(n)®^ ® Vin) considered in Corollary 
\3.24\ and Proposition \3.25\ is described as follows 
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(V(«)-type component) Given I, with I < I < n, and 

X- ^ [X;, Xj\ ® [X,-, Xj\ ® X/ + ^ ([X;, X/] ® [Xj, X j\ ® Xj + [X/, Xj[ ® [x/, X,] ® Xj), 

\<i<j<n l<i,j<n 

Bj(x) ii the homology class of the cycle [x/, xj] (g) xy € C2(YM(«), W(n)). 
(A-'y(«)-type component) Given /i, /a, ii such that 1 < /] < < (3 < n, and 

n 

= ^ ^ K0")([-«v,i,,-^V|2,] A [X;^|3,,X;] ®X/ + [X,-^,„,X/] A [X,-^,,,,X/] ® X;^,3|), 

1=1 creSj, 

fij(x) is the homology class of the cycle Yjo-eh^ [-^^(1) ' -^'Vci)] ® -^^vid ^ C2(YM(«), 
(A^y(n)-type component) Given ii, i2, i^, 14, /s such that 1 < i'l < i2 < (3 < i4 < i^ < n, and 

o-eS5 

Sj(x) vanishes. 

(generic-type component) If x is a generic cycle of the form 

n 

X - ^ (WX/ ® [X,-, Xj} -W® [X,-, Xy]X/) ® X/, 

/=1 

f/jen -S[(x) ii the homology class of the cycle (wxj ® x/ — wx/ ® xj) € C2(YM(«), W(n)). 

Proof. Consider the double complex (|3.16t . It yields a spectral sequence converging to //,(i)m(n), W(«)®') and an 
associated exact sequence. Remark D.14l indicates how to compute the map B[ for each cycle of the previous list. The 
proposition thus follows. □ 



Let us define a map 



A ; W(n) YM(«) 

n 

^ Y[t^Xi,[Xi,w]]. 



w 



Since q.w - 0, it turns out that 



A(w) = XiPH^) + Plixiw) + w, (4. 1) 



where is given by ( I3.2l i and w e ® p>T,ix)m{ny . 

Lemma 4.3. If pi ■ tt)m(«) — > tr)m(«)^ denotes the canonical projection, then 

n 

Pli^^ixi, [X/, [X;, , . . . , [X,v, [Xp, Xq]] . . . ]]]) 
/=1 

r n n 
= 2 ^ ^ X/X/, . . . X„_, [[X;, X,J, X;,,^, . . . X,-.[Xp, Xq]\ + 2 ^ X/, . . . X,v[[x/, Xp], [x;, Xq]\, (4.2) 

/l=l /=1 1=1 

for all r 6 Nq. 

Proof. We proceed by induction. In the first place, using the Yang-Mills relations ( 12.31 ). it is not hard to prove that 

n 

M[Xi,Xj\) = 2^[[x;,X,],[x;,Xj]]. 

1=1 
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We must now show a similar expression for A(x'[xp, Xg]), for |/| > 0, where xq = x,, . . . x,_ and |/| = r > 1. In order 
to do so we consider the element in tr)in(n) 

n 

^[X;, [X;, [X;,, . . . , [x;,., [Xp, X^]] . . . ]]], (4.3) 

l=\ 

whose component in tt)Tn(«)^ is obtained by replacing in the previous expression [x,, -] by x,.(-) + pf(-), and which 
gives 

r n 

A(Xi[Xp, Xq\) + ^ ^ ^Xj^ . . . Xii__^pl{Xi,_^^ . . . XiXXp, Xq\). (4.4) 

h=\ l=\ 

On the other hand, using the Jacobi identity and the Yang-Mills relations ( I2.3l l. the element ( 14.31 ) may be rewritten 



as 



^[X,, [X;, [Xi, , . . . , [X/,., [Xp, x^]] ...]... ]] 

i=\ 

r 11 n 

= ^ ^{Xl, [X/,,. . .,[[XZ,X/J,. . .[x,;,[Xp,X^]] ...]...]]+ ^[XZ, [X;,,. . .,[X,;,[XZ, [Xp,Xg]] ...]...]] 

/i=l 1=1 l=\ 
r n n 

= ^ Yj^^'' f-*^'"' ■ " ■ • [-^^'V' lXp,Xg]] ...]...]] +2^[X;,,. . .,[X,V, [[x,,Xp], [xi,Xg]]] . . .] 

1=1 

r n 

+ ^ ^[-^'l ' ■ ■ • \.\.Xl, Xi,,], ■ ■ . [X,;, [X;, [Xp, Xq\]] ...]...]. 



h=l 1=1 1=1 

r n 



h=l 1=1 

Furthermore, the same relations may be used to further simplify as follows 



r n 



^ ^[X/, [X,-| , . . . , [[X,, X, J, . . . [X;,., [Xp, XqW ...]...]] 



h=l 1=1 

r n h 



^ ^ ^[Xi^ ' • ■ ■ . \.\.Xl, JC/J, ■ ■ ■ {{Xl, X/J, . . . [X/,., [X/,, x^]] ...]...]... ] 

h=l 1=1 g=l 



r n 



h=l 1=1 

which also coincides with 

r n h 



+ 2 ' ■ ■ ■ ' [[X,, [X,, X,J], . . . [X,v, [Xp, Xg]] ...]...] 

h=l 1=1 

r n r 

+ ^ ^ ^ [JC/, , ■ ■ • {{Xl, X/J, . . . [[X,, X,J, . . . [X;,., [Xp, Xq\] ...]...]...] 

h=l 1=1 g=/i+l 

r n 

+ ^ ' ■ ■ ■ ' \.\.Xl, Xi,], ■ . ■ [X;,., [X;, [Xp, X,]]] ...]...], 



^ ^ ^[Xi^ [[Xl, X/J, . . . [[Xz, X/J, . . . [X/,., [Xp, Xg]] ...]...]...] 

h=l 1=1 g=l 



r n r 



^ ^ ^ \Xi, , . . . [[X;, X/J, . . . [[X;, X/J, . . . [X/,., [Xp, XqW ...]...]...] 

h=l 1=1 g=/i+l 



X ' ■ ■ ■ ' [[-^^Z' Xi,,], ■ ■ ■ [Xi,., [Xl, [Xp, X,J]] ...]...]. 



h=l 1=1 
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Hence, 

r n 

^ ^[x;, [Xii, . . . , [[Xl, XiJ, . . . [X,v, [Xp, Xg]] ...]...]] 



h=l 1=1 
r n 



- ^ ^[x„ , . . . , [[xi, XiJ, . . . [x,;, [x/, [xp, X,]]] ...]...] e ^ ix)m{n)P. 

h=l 1=1 p>2 

Therefore, we have proved that 

n r n 

^[X,, [X,, [X;, , . . . , [X,-., [Xp, Xg]] ...]]]= 2 ^ X^^'' ^^'1 ' ■ ■ ■ ■ ■ ■ ^''^^ •■■]•■•]] 

1=1 h=\ 1=1 

n 

+ 2 ^[Xj, , . . . , [x,;, [[x;, Xp], [x;, X,;]]] . . . ] + W, 

/=1 

where vv e ©p>2 ti)iTt(«)''- Then, we see that 

n 

Pli^ixi, [X/, [X;, , . . . , [X,;, [Xp, X^]] . . . ]]]) 
1=1 

r n n 

= 2 ^ ^ X;X/, . . . [[x;, X,J, . . . X,-.[X;„ X,]] + 2 ^ Xi[[x;, Xp], [x;, X,]] 
li=l 1=1 1=1 

and the lemma is thus proved. □ 

The following proposition is a consequence of the previous lemmas. 
Proposition 4.4. The restriction 

d-i,3\H2,„{m(n).wm '■ H2,a(m(n),W(n)) -> Hi{x)m(n),W(nf^) 

is an injection. Moreover, B'^ o I2 o ^ : H2(^m(n), W(n)) — > H2(T)m(n), Win)) coincides with the map tIq '■ 
H2{i)m(n), W(n)) — > //2,a(r)m(«), W{n)) induced by the canonical projection W{n)'^^ — > A~W{n), where h is the map 
defined Theorem \3.15\ 

Proof. It suffices to prove the second statement, since the former is a direct consequence of the latter. 

The fact that B'j is surjective implies that //2(r)Tn(«), W(n)) is generated as ^-module by the images under B'^ of the 
cycles given in Lemma |4!2] First, the cycles corresponding to the y(«)-type component belong to the symmetric part 
i/2,j(i)Tn(«), W{n)) and they vanish when we apply d\y 3 to them, since d\y 3 corresponds to the class in I~ jfi ^ 
of the map given by 



'^{xl,Xj]® Xj ^ ^ {{{[Xl, Xj], Xp], Xp]® Xj - 2{{{XI, Xj], Xp], Xj]® Xp + [{{xl,Xj],Xj],Xp]® Xp) 

j=l j,p=l 

n 

= ^ (2[[x;,Xp], [xj,Xp]] ® Xj - 2[[xi,Xj], [xp,Xj]]®Xp) = 0. 



Notice that we have used the Jacobi identity and the Yang-Mills relations. 

Second, the cycles corresponding to the A^y(n)-type component belong to //2,a(t)m(n), W{n)). In order to obtain 



36 



the image under 3 of a representative of this component, we see that d\ 3 is induced by the class in I^/P of 



+ [[[-^^Vdi' ■*^V(2)]' '''^'<r(3)]' '"'/'] ® -^^p) (4.7) 

It 

n 

where we have again used the Jacobi identity and the Yang-Mills relations. By Lemma |431 we conclude that B'^ o 
d\i appHed to Y^aeA, [-^v,,,' ■^V(2)] ® ^v<3, is the identity. 

Since the image under B'^ of the representatives of the A^y(«)-type component vanishes, it is not necessary to 
consider it. 

Finally, we shall prove that Z?'j o ho d^^^o B'^ o x^'j" = na ° B'^ o x^'j". In order to do so, it suffices to prove the 
previous identity only for the case of cycles w ® [x,-,Xj] e //o(V(«), with w - x;, . . .Xi\xp,Xq\. Taking into 

account that d\^ 3 o B'^ o Xg'j'' is given by the is given by the class in fi jfi of the map than sends w ® [x,-, Xj\ to 



^ ([.^Z, {Xl, [Xj, [X,-; , . . . , [x,;, [Xp, X^]] ...]]]] ® X; - [x;, [x;, [x/, [x;, , . . . , [x,;, [Xp, X,]] . . . ]]]] ® Xj 

l=\ 

+ 2[Xj, [Xi, [Xi, [Xi, , . . . , [X,;, [Xp, Xg]] ...]]]] ® X; - 2[x/, [x;, [x;, [x;, , . . . , [x,;, [Xp, Xg]] . . . ]]]] ® X/ 
- [X;, [Xj, [X/, [X/, , . . . , [X,;, [Xp, Xg]] . . . ]]]] ® X, + [X/, [x;, [x;, [x;, , . . . , [x,;, [Xp, X,J] . . . ]]]] ® X,), 

we see that d\^ 3 o B'j o x,"'j'(w ® [x,-, x^]) is 

n r 

^ (2 ^ {Xl X,„ . . . [[X,, X,J, Xi,,^, . . . X,-.[Xp, Xg]] ® Xi - XI X,„ . . . [[X;, X/J, X,,^, . . . X,-.[Xp, Xg]] ® X;) 
1=1 h=0 

'0=J '0=' 

- 2x,Xi, . . . X,;[[X;, Xp], [X;, Xp]] ® Xj + IXjXi^ . . . Xi\[xu Xp], [x/, Xp]] ® X/ 

+ 2[[Xj, Xl], XiXi, . . . XiJXp, Xg]] ® X, - 2[[X;, X;], XjX,, . . . Xi,.[Xp, Xg]] ® X, 

- X;[[X;, Xj], Xi^ . . . Xi\Xp, Xg]] ® X;), 

where we have used the identity ( 14.2b and the following equality 

2{xj, [xi, [x [x„,xJ]...]]]]®x,-[x,,[ Xj, [Xi, [X;, , . . . , [X,;, [x„,xJ]...]]]]®x, 

-2[Xi, [Xi, [Xj, [X;, , . . . , [X,;, [Xp, Xg]] . . . ]]]] ® X; + [x,, [x;, [Xj, [x;, , . . . , [x,;, [Xp, Xg]] . . . ]]]] ® X/ 
= 2[[Xj, Xl], [X/, [X;, , . . . , [X,;, [Xp, Xg]] ...]]] ® X, - 2[[X/, Xl], [Xj, [X;, , . . . , [x,;, [Xp, Xg]] ...]]] ® X; 
-[Xl, [[Xj,Xj], [X/, , . . . , [X;,., [Xp, Xg]] ...]]] ® X/. 



(4.8) 
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We may rewrite ( I4.8I ) as the sum of a coboundary in Ci(V(n), W{n)® ) 

n 

^ (^^2^(2[[x/, X,], X;, . . . XiJXp, Xq]] ® X/ A X; - 2[[XI, Xj],Xi^ . . . XiXXp, XqW ® X/ A X,) 
/=! 

/■ 

+ Idf^i ^ X/X;; . . . X„_, [[X/, X,J, Xi,,_^, . . . XiXXp, Xq]\ ® X; A Xj) 

h=l 

+ 2fif2^(x,-, . . . X,;[[X/, Xp], [X;, Xp]] (g) X; A Xjfj 

and a cycle in C\(x)m{n), W(n)'^^) 

n 

^ ( - 2[Xj[xi, Xi],Xi^ . . . X,-.[Xp, X^]] (g) X/ + 2[X,[X/, Xy], X;, . . . X,-.[Xp, X^]] ® Xl 

1=1 

- Xl[[Xi, Xj], X,-, . . . X;,.[Xp, X^]] ® X; + 2[[X;, X,], X,-, . . . XiJXp, Xq]] ® [x;, X j] 



+ 2 ^ X/X;, . . . X;,,_, [[X;, X,J, X,,^, . . . X/JXp, X,,]] ® [x/, Xy] 

/i=l 

- 2[[X/, Xy], X;, . . . X,-,.[Xp, Xq]] ® [X/, X,] + 2X;, . . . X,-.[[x/, X,,], [x/, X^]] ® [X;, Xj]). 

Using the description of I2 given in Remark B.171 we get that I2 ° 3 o B[ o x*"j''(w ® [x,-, xj]) is the class of the cycle 
in Ci(y(«), W{nf^) given by 

n 

y (2[X,[X;, Xy], X;, . . . Xi^Xp, Xq]] ® X/ - 2[X;[x/, X,], X;, . . . X,;[Xp, X^]] ® X/ 

tt (4.9) 



-X/[[X;, X^], X;, . . . X,;[Xp, X^]] ® X/), 



which is equal to 



^ (([X;[X,-, Xy], X,-, . . . Xi^Xp, X,j]] - [[Xi,XJ],X,Xi^ . . . XiXXp, Xq]\) ® X/) (4.10) 
/=! 

and may be simplified to give the following expression for I2 ° d[-^ B'^o XQ"j"(w ® [x,-, xj]): 

n 

y ((w A [xi, Xj\xi - wxi A [xi, Xj]) ® X/). (4. 11) 

1=1 

The proposition is thus proved. □ 

Let us consider the Lie algebra f)(n) - tr)m(«)/C^(ti)m(n)), where C^(tt)m(«)) is the second step of the lower central 
series of ti)m(«). There is an isomorphism t)(«) ^ W{n)® A^W{n) as graded vector spaces. Besides, A^W{n) - 21(l){n)) 
and [ , ] ; W(n) A W(n) A^W(n) is a homogeneous isomorphism of degree 0. The Lie algebra ti)m(«) being free, !)(«) 
is a free nilpotent Lie algebra of nilpotency index equal to 2. 

Since the adjoint action of r)m(«) on tr)m(«) induces an action on the quotient !)(«), the graded vector space S^l){n) 
has a natural graded action of X)m{n). We will denote D(I)(«)) the graded vector space {S'l){n))tr,m(n)- Hence, D(f)(n)) is 
provided with a graded action of t)Tn(n) such that tr)m(«) vanishes, and, in consequence, the graded action of X)m{n) on 
D{l){n)) in turn induces a graded action of V{n) = i)Trt(«)/ti)m(«) on D{\){n)). 

If a,b e t)(«), we shall denote a o b the class of a ®s b - {a ® b + b ® a)/2 € S^\){n) in D{\){n)). In this case, 

x/.(a o b) — [x,-, a] o b + a o [x,-, b]. 
Proposition 4.5. There is a short exact sequence of graded S {V{n))-modules 

^ A^W(«) ^ £)(l)(n)) 4 S^W(n) 0, 
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where /3 is induced by the natural projection ofS ~l){n) — > S^W(n) and a is given by 



Wi A W2 A W3 I— > Wi o [W2, W3], 

for wi , W2, W3 e W{n). 

Proof. We know that f)(«) ^ W{n) © A^W{n) as graded vector spaces. Therefore, D(l)(n)) is a quotient of S~l){n) ^ 
^^^(n) © {W(n) ® A~W(n)) © 5^A-W(«) (isomorphism of graded vector spaces). 

However, the last direct summand belongs to ti)m(«).5'^I)(«). This follows from the fact that, given v, v', w, W G 
then 

V.(w o [y', w']) = [v, w] o [v', w'] + VV o [y, [y', w']] - [y, w] o [y', w'], 

since [y, [v', w']] e C-(tt)m(«)). Also, by de gree reasons, we see that the subset of D(l)(n)) defined by the classes of the 
elements of the graded vector space W(n) ® A^W(n) c 5'^I)(n) is in fact a graded 5 (y(n))-submodule of D(t)(«)). 

Since tt)m(«) is a free Lie algebra generated by W(n), it is clear by an internal weight argument that S^W{n) n 
ti)m(n).5^I)(«) = 0. As a consequence, the projection p : D{\){n)) — > S^W{n) is a A:-linear epimorphism. It is also 
homogeneous 5(y(n))-linear of degree 0, for the classes in D(f)(«)) of the elements of W{n) (gi A~W{n) c 5'~I)(«) form 
a graded 5 (V(n))-module and p is the natural projection given by the quotient by this submodule. 

On the other hand, given y (gi., [w, w'] in the component W{n) ® A^W{n) c S^\){n), it turns out that 

V ®j [w, w'] = -V ®j [w', w] = -w' ®s [w, v] + w.(y ®.5 w')- 

Therefore, the map a is well-defined, and it is readily verified to be 5 (y(n))-linear. Furthermore, Im(a) coincides with 
the collection of classes in D(l){n)) of the elements in W{n) ® A^W{n) c S^l){n). The injectivity of a follows from the 
fact that tt)m(«) is a free Lie algebra generated by W(n). □ 

From now on, we shall identify A^W{n) with the image of a in D(i)(n)). Moreover, by the previous proposition, we 
will not write the bars denoting class for the elements of W{n), and hence, we shall often write wi o [w2, W3] 6 A^W{n) 
instead of wi A W2 A wt,. 

The previous short exact sequence implies that there exists a map in homology of the form 

6 : Hi{Vin),S"Win)) HoiVin),A^W(n)), (4.12) 
which by the Snake Lemma, is induced by 

n n 

^ Wi ®s w'l ® ^ ( ^ «/./' ^ + Vij A v'lj A w,), (4. 13) 

;=1 1=1 I'eL'. leL, 

where we have used the notation defined by 

[Xi, Wi\ = Xi.Wi + ^[m/,/, «•;], 

leLi 

{Xi,w'i\ = Xi.w\ + ^[V/,Z', V-,,], 

I'eL'. 

for Li and L'. two finite set of indices and m,,/', mJ,,, y, v'.j, e tr)m(n), for all ; = 1, ...,«, Z e L, and Z' e L'^. 
Using the notation given in ( 13.21 ). then 

n n 
^ Wi ®, w; ® X; ^(P' (w,) o w'l + p7(w,') O W/). (4. 14) 

/=1 /=1 

On the other hand, the restriction of the morphism B2 '■ Ho{V{n), W{n)^^) — > //i(i)m(«), W(«)®^) of the long exact 
sequence of Theorem 1 3 . 1 5 1 to H(){V{n), A^W{n)) is induced by (see Remark [3.17l i 

Wi A W2 A W3 H- > Wi A W2 ® W3 + W2 A W3 ® Wi + W3 A Wi ® W2. (4. 15) 
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Proposition 4.6. If 6 : Hi{V{n), S^W{n)) — > Ho(V{n), A^W(n)) is the map (14.121 1. the following diagram is commuta- 
tive 



Hi(y{n),S^W{n)) //o(V(«), A^W(«)) 



//2(i)m(«), W(n)) V //i(i)m(«), 



Proof. It is direct from the expressions of the maps given by ( 14.131 ). ( 14.151 1. (14.1 11 1. ( 14.6b . (I4.7l i and Lemma|42] □ 

Proposition 4.7. The restriction of the map B'^ to H\{V{yi),S^W{ny) has kernel isomorphic to A^y(«), whereas the 
restriction of Bo to Ho(V(ti), K^W(yi)) is injective. 

Proof. Let us first show that Ker(Z?j|/^j(V'(;i),s-v(n))) - A^y(«). Lemma |4~2] tells us that A^V{n) c Ker(Bj). Furthermore, 
the expression of the cycles given in Proposition |3 .25 [ implies that A^V{n) c Hi(V(n), S^W{n)). 

On the other hand, by the long exact sequence of Theorem 13. 151 Ker(Z?j) = lm(5'j). Using the same theorem, 
we derive that S[ is injective and H},{V(n), W(n)) ^ A^V{n), so Ker(Bj) ^ A^V{n). Therefore, the restriction of the 
morphism B[ to Hi(V(n),S-W(n)) has kernel A^V{n). 

Let us now prove that the map B2\Ho(V(n).A^W{n)) is injective. On the one hand, the exact sequence of Theorem 13. 151 
tells us that Ker(B2) = IMS 2) = S 2(H2(V(n),W(n)'^^)). By the same theorem, H2(V(n),W(n)'^^) ^ A^V(n). In fact, 
using the same ideas explained in Proposition |3.18l the cycles 

{ ^ Ko-)[-^v,i,'-^v,2)] ® [■^V(3)'-^'V(4)] ® -^vcs) ^ -^^(6) : 1 < '1 < h < h < U < h < k < «} 

a-eSf, 

form a basis of H2{V{n), lV(n)®^), since, by the double complex (13.16b . Remark [3. 171 and II Weil . Exercise 5.1.2, the 
map A^V{n) = HdV{n),k) H2{V(n), WinT^) is induced by 

Xi^ A X,, A x,-3 A x„ A x,5 A x,-, ^ e(cr)[jCi^|j,, jc,-^,,,] ® [x;^,,,, ® Xi^,^, A x,-^,,,, 

o-eS6 

where the last element is a cycle in ® A^y(«). Similar arguments as those used for the map S \ in Proposition 

I3.18l assure that the image under the morphism 52 of an element of this basis is the class of the cycle 



Hence, lm(52) £ HQ{y{n),S^W{n)). Taking into account that S^W(n) n A^W(n) = {0), it turns out that the kernel of 

the map B2Iho(i/(«),a-'w(«)) vanishes. □ 

Proposition 4.8. The kernel of the map S : Hi(V{n),S^W(n)) Ho(V(n), A^W(n)) given in ( 14031 ) is V(n)[-4] e 
A^V(n). 

Proof. It is clear from Propositions l4.6l and l4.7l that A^V{n) c Kei{6). Also, the expression for the cycles of V{n) given 
in Lemma l4~2l and the expression for 6 given in ( 14.13b tell us that y(n)[-4] c Kei{6). The change of degree comes from 
the fact that, in Lemma |4~2l we have studied the homology of M(n). The elements given by the cycles of (A3y(«))[-2] 
belong to Hi{V(n), A~W(n)) and therefore are not in the kernel of the map 6. 

In consequence, it suffices to prove that 6 is injective if restricted to the subspace spanned by the generic elements 
of Hi{V(n),S^W(n)), which is rather tedious. We shall anyway include the proof of this fact because it is quite non 
evident. 

Since 5 is a homogeneous morphism of degree 0, it suffices to restrict to homogeneous generic elements. 
Now, we may consider a generic element of Hi{V{n),S-W{n)) which we shall assume to be the homology class of 
a A;-linear combination of cycles of the form 

n 

V (([X;, Xj]xi ® X-i[Xp, Xq] - [Xi,Xj] ® X;[Xp, X^]x;) ® X; 

tt (4.16) 



+ 



(x-ilXp, Xq] ® [Xi, Xj]xi - XjlXp, Xq\xi ® [X;, X;]) ® X/), 
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for |/| > 0, and which is obtained from the map x^'j'' appUed to the element 

{[Xi,xj] ® xilxp, Xq] - xi[xp, Xg] ® [xi, xj]) (g) ( '^(xi ® 1 - 1 ® ;c;) ® a:/) (4.17) 

1=1 

in Co(y(«), A^W{n)) ® Ci{V(n), (5(V («))/<g))^^). We shall denote c = [x;, xj] ® X;[xp, x^] - x^[xp, x^] ® [x;, x^]. We 
notice that the generic elements ( 14.16b have degree greater than or equal to 6. 

Note that the map x^'j" "interchanges parity" between Ho{V{n), and Hi{V{n), Win)"^^), i.e. it sends the 

module HoiV{n), A^Win)) to Hi{Vin),S^W{n)) and the module Ho(V(n),S^W{n)) to //i(y(n), A^Win)). 

Let c be the cycle given by ( 14.161 ) and c its homology class. If we use the identity given in ( I4.14l i. then 6{c) is given 
by the cycle 



(I 






1=1 


:,Xj]Xl) O X-i[Xp,Xq] + [x, 


■.,Xj\XlO p]{{x-XXp,Xq\) 


-P^i[x, 


:,Xj])ox-i[Xp,Xg]xi-[x, 


''Xj] ° pfiXl[Xp,Xg]Xl) 


+pf(X;[ 


Xp,Xq])o [X;,X;]X/ +X7I 

< 


'Xp,Xq\ p]{[Xi,Xj]xi) 




Xp,Xq]xi) [Xi,Xj] -X7I 


\Xp,Xg\xiO p]{[Xi,Xj])). 



(4.18) 



On the other hand, since 

a[ - 4 = {p]{[Xi, Xj\x,) + p]{[Xi, Xj\)xi) O X;[Xp, Xq\ - cf[^ip]{[Xi, Xj]) O X-i[Xp, Xq] ® X;), 
b[ -[Xi, Xj] O {p](xj[Xp, Xq])xi + p]{x-,[Xp, Xq]xi)) + (f{^{{Xi, Xj] O p]{x-,[Xp, Xq]) ® X;), 

a[-a\^ -(pj(x-j[Xp,Xq]xi) +p^(xj[Xp,X^]x;)) O [x,-,X;] + d^^(pj(X][Xp,Xq]) O [x,-,xy] ® X/), 
b'^ -b\^ Xj[Xp,Xq] O (p^([Xi,Xj]xi) + p^([Xi,Xj])xi) - d'{^(x-i[Xp, Xq] O p^([x;, Xj]) ® X/), 

it turns out that 6{c) is the class of the cycle 

n 

/i(P^([Xi,Xj]xi) + p^([Xi,Xj])xi) O X-i[Xp,Xq] - [Xi,Xj] O (p^(X7[Xp, X^])x; + (X7[Xp, x^]x;)) 

tt (4.19) 

-ipj(x-[Xp,Xq]xi) + pj{X][Xp,Xq])xi) O [Xi,Xj] +X7[Xp,X^] O (p^([x,-, Xj]x/) + p^([X;, X;])x/)). 

Using the identity (14. Il l, we may rewrite the cycle ( 14.19b as follows 

A([X,-, X;]) O X7[Xp, Xq] - [Xi,Xj] O A(X7[Xp, X^]) - A(X7[Xp, X^]) O [x;, Xj] + X-i[Xp, Xq] o A([x,-, X;]) 

= 2(A([X;,Xj]) O X-i[Xp,Xq] - [Xi,Xj] O A(X7[Xp, X,,])). 

Identity (HjUl tells us that 

[,„.lv.,ll..^lll) 

1=1 

r n 

= [X;, X;] O (A(X7[Xp, X^]) + ^ ^ x]xi^ . . . X,',_,p^_(X4^| . . . XiXXp, Xq])) 

h=l l=\ 

r n 

= [Xi,Xj] O A(X7[X,„ X^]) - ^^^'^([X;, Xj]xi O ^ ^ X;, . . . X,„_,p- (x,„^, . . . X/JXp, Xq]) ® X/) 

h=\ l=\ 

r n 

- <i™([X/, Xj] ° ^ ^ XlXi^ . . . X,„_,p^^(X/^^, . . . Xi^Xp, Xq]) ® X;), 



(4.20) 



(4.21) 



71=1 1=1 
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so 6(c) is given by the cycle 

n n 

2(2^[[x/,x,],[x/,X;]] ox7[xp,x^] - [x;,x^] o /72(^[x/,[x/,[xi,,.. .,[x,v,[xp,xj] . ..]]])). (4.22) 



/=i i=\ 
Making use of ( I4.2l i of Lemma |43] in the previous equation, we obtain that 



4 ^(([[^/, Xi\, [xi,XjW O X-[Xp, Xq] - [Xi, Xj] o xj[[xi, x,,], [x,, x^]]) 



1=1 



(4.23) 



^[X/, Xj] o X;X;, . . . [[x;, X/J, . . . X,; [Xp, X^]]). 



/l=l 



We shall denote this cycle by c'. 

Let us now consider the A:-linear map 



^ ; A^W(n) -> AV(«) » A^H'(n), 



given by 



^ilXii,XjJzi A [Xi^,XjJZ2 A [x;3,Xj,]z3) = Zi(0)x/, A X^, ® [x,-,,X;,]z2 A [x,3,Xj3]z3 

+ Z2(0)X/, A Xj, ® [x,3,X;JZ3 A [x;,,X;Jzi 
+ Z3(0)x,3 A Xj, (g) [x/,,XjJzi A [x,,,XjJz2, 

forz; e5(y(«)), /= 1,2,3. 

It is readily verified that, if A^V(n) is provided with the trivial action of S(V(n)), ^ is an 5 ( V(n))-linear and so(n)- 
equivariant map, so it induces a morphism between the homology groups 

I : Ho{V{n),A^W{n)) HQ{V{n),A-V(n)® A^W{n)) = A^V(n) ^ Ho{V{n), A-W{n)). 

We shall prove that ^((5(c)) is the class of the cycle 

/( 

2 ^ x,5 A X, (8> (x.5 A x,).c + ^ ((5|i|,o-«p A x^y (g) [x,, x,] A [x,, Xj] - 5|7|_oX; A Xj (g) [x;, Xp] A [xi, x^fj, (4.24) 

l<.s<f<n 1=1 

where (xp A x^^).? denotes the action of Xp A Xg e A-y(«) ^ 5o(«) on c (see IFHI . §20.1, (20.4)). The expression ( 14.241 ) 
does not depend on the choice of c since the differential of the Chevalley-Eilenberg complex is 5o(«)-equivariant. 
Let us compute ^(d{c)). In order to do so, it suffices to apply ^ to the cycle c' given in ( |4.23t . Then ^(c') is given by 



4 ^ (x; A X; ® [X;, Xj] A X-j[Xp, Xq\ + X/ A Xj ® X^lXp, Xg] A [x;, X,] + 5|/|,0^p A Xq ® [x/, X,] A [x/, Xj] 



f(«2) 



■ (x; A Xj ® X7([x;, Xp] A [x;, x^]) + X/ A x^ ® [x,-, Xj] A X7[x/, Xp] + x/ A Xp ® X7[x/, x^] A [x,-, Xj]) 



^(*3 ), first pait 



■ ^ Xi A Xj (g X/X;, . . . ([X,, X,J A X;,_^, . . . X,.[Xp, Xq]) 

h=l " " ' 

*2 

f f *3 ), second part 



^ XI A X,-, ® X,X/, . . . \ . . . Xy{Xp, Xq] A [X;, Xj]), 



/l=l 
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where we have used that 

n n 

'^Xp AXq(8i [xi,Xj] A xiXi^ . . . [xi, x,J ^^Xp A Xq(8i [xi,Xj] A x,-, . . . x,-._, [xi, [xi, x,J] = 0. 
Z=l 1=1 

Since ^2 is evidently a boundary and ★] is a boundary if |/| > 0, thus ^(c') is equivalent to 



2 ^ (x/ A Xi (S> [xi,Xj] A x-i[Xp, Xg] - xi A Xj (8> [x/, x,] A X7[Xp, x^] + d^HfiXp A Xg (S> [x;, x,] A [xi,Xj] 
1=1 

+ X/ A Xp ig> [xj, Xy] A X7[x/, Xq\ — xi A Xq ® [xj, Xy] A X7[x/, Xp\ — 5|7|_o-*^/ Xj ® [x;, Xp] A [x/, x^] 
/• 

+ ^ X/ A X,j ® {Xi,Xj\ A XlXi^ . . . X,', . . . Xr[Xp, Xqfj 
n 

= 2 ^ (x, A Xi ® (xi A x,).[x,-, xy] A X7[Xp, x^] + x/ A Xj (g) (x/ A X;).[x;, Xj] A xr^Xp, Xg] 

1=1 

+ Xl A Xp® [Xi, Xj] A XjiXl A Xp).[Xp, Xq\ + Xl A Xq® [Xj, Xj] A X7(X/ A Xq).[Xp, Xq\ 

+ 6\ilQXp AXq® [X/, X,] A [xi,Xj] - 5|7|_oX; A X; ® [X/, Xp] A [Xl, Xq] 
r 

+ ^ X/ A x,j ® {xi,Xj] A (xi A x,J(x7)[Xp, x^]) 



h=l 



-1 ^ Xs Ax,®{Xs A x,).([x;, xy] A X7[Xp, x^]) 
l<i<r<K 
n 

+ ^ {^%QXp l\Xq® [X/, X,] A [X/, Xy] - ^|7|_oX/ A Xy ® [X/, Xp] A [x/, X,]), 



/=I 

which may be further simplified to give 

. 2 „ . « . . t M.. ^ « ..... ..... - . ^ . « ... ^ .....)■ 

i<j<f<« /=i 
If \i\ > 0, i.e., c has degree strictly greater than 4, then 

^(^(c)) = 2 ^ X.5 Ax,® (xj A x,).c. 

l<s<t<n 

In this case, if c 6 Ker((5), then, since {x^ A x,)i<j<,<„ is a basis of A^V{n), it must be that (Xj A x,).c = 0, for all 
I < s < t < n. This in turn implies that c belongs to the trivial representation of so(«) in H(){V{n), However, 
Corollarv l3.9l tells us that this is not possible. 
If \i\ -Q,c has degree 4 and 



^((5(c)) = 2 ^ x.5 A X, ® (x.5 A x,).c + ^ (xp A X, ® [x,,x,-] A [x,,x;] - X/ A Xj ® [x/,Xp] A [x;,x^]). (4.25) 

1 <!<(<« 1=1 

If n = 3, from Ho{V{n), A^W(n)) = Ker(XQ'j'), we need not consider this case (see Remark D.27l i. 



1 <!<(<« 1=1 

'^^'V — -Lvci\.^Q J wc iiccu iiuL i-uiiaiuci Liiia case v^acc ivciiiauv i^.z. / v . 

Let us thus assume that « > 4 and that c is any non trivial element of an isotypic component in //o( V(«), A^W{n)) 
different from (the ones appearing in) A^V{n). In this case, since both x"'j'' and 6 are so(«)-equivariant, 6(x^^^{c)) 
vanishes if and only if 5 o x^'j" vanishes on the complete isotypic component to which c belongs. In this case, we fix 

[ei,e2] A [ei,e4] € r2L,, ifn-4, 
[ei,e2] A[ei,es] eY2L,+L2, ifn = 5, 
[ei,e2] A [ei,ej,] e r2L,+L2+Lv if" > 7, 
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where {ei, . . . , e„) is a basis of V{n) for which the quadratic form of V{n) is polarized (see IFHI . §18.1). We may 
choose this basis as follows. Let m - [n/2] be the integral part of n/2. If n is even, we define ej - (xj + ixj+,„)/ V2 and 
ej+m - (xj — ixj+in)l V2, for 1 < y < m\ whereas, if n is odd, we also define e„ = jc„. 

We have intentionally omitted the case n = 6 in the previous list since we should consider two different isotypic 
components: c = [ei,e2] A [e^ej] e T2l,+l.+l, and c = [ei,e2] A [eue^] e r2L,+L,-L3- 

We shall see that ^(5(XQ'j''(c))) does not vanish in any case. We start recalling the following elementary fact: 
Consider a A:-vector space V of finite dimension «, e (V* ® V*)* a bilinear map on V*, and a basis {vi, . . . , v„) c V, 
with dual basis {Vj, . . . , v*) c V*. By the canonical identification (V* ® V*)* ^ V ® V, we see that the expression 

n 

identifies with 0, so it is independent of the choice of the basis. When V is provided with a nondegenerate symmetric 
bilinear form Q : V*^ k, we may consider - Q \ the inverse form of Q (i.e., the one obtained by the condition 
that the map v i-> Q(v, -) from V to V* is an isometry). 

We shall apply the previous fact in order to rewrite equation (14.25b as follows. First, 



^ X/ (8) X/ = ^(e/ (g) ei+,„ + e/+„, (8> e/) + 5„-2m,ie„ ® e,„ 



1=1 1=1 



where we have used (p equal to the inverse of the form on V(n). Also, the nondegenerate symmetric form K(xs A x, , Xs' A 
Xf) = Ss,s'(>t,t' - SsfSt^s' is invariant, so it is a Killing form on A^V{n), coinciding with tr((-) o (-))/(-8) under the 
canonical identification A^V(n) ^ so{n) (see llFHl , §20.1, (20.4)). Hence, 

{xs A xt) (xs A xt) - ^ K'\ies Ae,y,{es' Aet'YXes Aet)'S>{es' Ae,'). 

l<s<t<n l<s<l<n 

!<,/<;'< II 

By the previous considerations, we may rewrite the expression (|4.25t for ^(5(Xq'|"(c))), where c = [ei , £2] A [ej , e/,] and 
he {3, 4, 5, 6) is given according to the previous choices of cycles. There is one term of the form (ej A 62) ® a\o in the 
cycle representing the homology class ^(5(Xg'J"(c))), where 

m 

ai,2 = (ei+m A e2+m){[ei,e2] A [ei,e/,]) - ^([e/,ei] A [e/+,„,e/,] + [ez+m,ei] A [e;,e;,]) 
-Sn-2m.i[en,ei] A [e„,e/,] 

= [ei,ei+m] A [ei,e/,] - [ei,e2] A [e2+„„eh] - [e2+«„e2] A [ei,e/,] 

-^([e/,ei] A [e/+„„e/,] + [ei+„„ei] A [et,eh]) - 6„-2,„,i[e„,ei] A [e„,e/,], 
/=i 

and it clearly does not vanish. Since there are no boundaries in this degree, ^((5(Xq'J"(c))) is not zero, and a fortiori 
5(Xg'j'(c)) does not vanish. The proposition is thus proved. □ 

Let us now come back to the study of the spectral sequence of the previous section. 

Proposition 4.9. The kernel of the differential ^ is isomorphic to V(n)[-4], where a basis for V{n)[—4] is given in 
Lemma\4.2\ 



Proof. By the previous proposition and Propositions l4.6l and l4.7l we see that Ker((i^j j) ^ V(n)[-4]. 



5 Computation of HH^ (YM(n)) 

In this section we shall finally compute the group of outer derivations HH^{YM(n)), for n > 3. We recall that, since 
the beginning of the previous section, we have assumed that n > 3, unless we say the contrary. 
We begin by describing some derivations of YM(n). 
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Proposition 5.1. There is a homogeneous k-linear monomorphism of degree 

k e y(«)[2] e A^(y(n)[l]) <-> HH\YU{n)). 

Proof. We shall consider the following collection of plain derivations of YM(«) (in the non graded sense). They are 
homogeneous A:-linear maps certain of degree, but satisfying the usual Jacobi identity (not the graded version). 
In the first place, the homogeneous morphism of degree given by 

t/eu : YM(«) -» YM(n) 
z i-> |z|z, 

where z e YM(«) is homogeneous of usual degree is a derivation of YM(n), called the Eulerian derivation. 
Next, we define the derivations di,i- 1, . . . , « of degree -1 induced by the morphisms of the same name 

di : V{n) T(V{n)) 
xj ^^ 

Finally, since 5o(«) ^ A^V(n) acts on YM(n) by derivations of degree 0, we immediately obtain a homogeneous 
map of degree from A~(V{n)[l]) to Der(YM(n)). 

It is directly checked that the previous derivations induce a homogeneous A:-linear monomorphism of degree 

k®V(n)[2]®A-{V{n)[l]) ^ Der(YM(n)). (5.1) 

By degree reasons, it is only necessary to prove that the set of derivations induced by the the standard basis of so(«) 
and the Eulerian derivation is linearly independent, which is clear 

The map of the proposition is then the composition of the morphism (15.11) with the canonical projection 

Der(YM(n)) ^ Der(YM(«))/Innder(YM(«)) ^ HH\YM(n)). 

Since the inner derivations have degree greater than or equal to 1, except for the zero derivation, it turns out that the 
previous composition is also injective. The proposition is thus proved. □ 

We devote the rest of this section to prove that the monomorphism of Proposition 15. H is in fact an isomorphism. 
This will be achieved by making use of the spectral sequence associated to a filtration of S (r)m(n)). 
First, the isomorphism of admissible YM(n)-modules YM(n)^'' ^ S (t)m(n)) implies that 



HH'(YM{n)) ^ //'(i)m(«), YM(«)) ^ H'{x)m(n),S(r,m(n))) = ^ H'{r,m{n),S'{r,m(n))). 

Let / be the ideal of 5'(i)m(n)) generated by tr)m(«). We deduce that / is also an admissible YM(«)-module, for tr)m(«) 
is an admissible YM(«)-module. Therefore, we may consider the decreasing filtration {F' S {v)m{n))},ez of admissible 
YM(n)-modules of S (i)Tn(«)) given by 



F''5(t)m(«)) : 



F, ifp>l, 
S{r)m(n)), if < 0. 



We see that F'S(rim(n)) is exhaustive and Hausdorff. Given ; € N, it induces a decreasing filtration {F'S'{x)m(n))},!zx 
of t)m(«)-modules on S'{r)m{n)), which also becomes exhaustive and Hausdorff. For each p > 0, there is a natural 
isomorphism of admissible YM(n)-modules 

Fi'S'{m{n))/FP^^S'(m(n)) ^ S''PV{n) ® S''{ir)m{n)), 

where the action of t)Tn(«) on S'^''V{n) is trivial and the action of 50(«) on each factor is the obvious one. 
This filtration provides a collection of spectral sequences '£*'* with 

^ HP^''{x)m{n),S'-PV{n) ® 5''(ti)m(«))), (5.2) 
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for all / e No, where by definition 5'^(-) = 0, whenever q <0. Each of these spectral sequences is bounded and, hence, 
convergent. The complete spectral sequence £*'* = ©jgN^'is*'* is therefore convergent. We remark that the collection of 
spectral sequences 'E', ', i € No, and its direct sum E','' are considered in the category of admissible YM(n)-modules. 

Since the isomorphism of admissible YM(n)-modules S (tt)m(n)) ^ 'Z/(tt)m(«))'"' preserves the internal degree, it 
induces an isomorphism 5 ^(tr)m(n)) ^ Ker(et,,,„(„)), and, as a consequence, 

//.(i)m(n),Ker(et,„„(„))) - //.(qm(«), 5+(ti)m(n))) = //.(Dm(«), 5'(ti)m(n))). 

By Theorem EJ] //3(t)m(«), Ker(et,)m(n))) = 0, which yields that i/3(:)m(w),5'(tt)m(«))) = for all ; € N. On 
the other hand, by the same theorem, //2(i)m(«), Ker(6ti,i„(„))) ^ H2{vim{n),tx)m{n)) ^ V(n)[-4], so it turns out that 
H2{r)m(n),S'{tx)m(n))) = for all / > 2. 

Taking into account the Poincare duality of the Yang-Mills algebra, we obtain the following result. 

Proposition 5.2. The homology groups //°(i)m(«), 5''(tr)m(n))) and H^{x)m{n),S'{tx)m(n))) vanish for i > 1 and for 
i > 2, respectively. There is a homogeneous isomorphism of 50(n)-modules of degree of the form //'(:)m(«), tr)m(«)) ^ 
H\r)m(n),k) ^ V(n). 

From the previous proposition and recalling that 

'E'lf ^ FPH\x)m(n),SXr)m(n)))/FP^^H\r,m(n),S'(x)m(n))), 

we conclude that //'(r)m(«), 5'(i)m(«))) is a direct sum (as a graded 50(«)-module) of a subquotient of 'E^''^ and a 
subquotient of 'Zsl'' • 





























D 

•0 




Figure 2: First step £* ' of the spectral sequence. The dotted lines indicate the 
limits wherein the spectral sequence is concentrated. 



We shall begin by analyzing I" order to do so, it is necessary to compute the kernel of 't/}'" and the image of 
'£/"'", for / € No. 

First, making use of the identifications 

i^Q.Q ^ H\r,m{n),S'Vin)) ^ 

and 

'e\'° = H\x)m(n),S'~W(n)®tr)m(n)) ^ S'-^V(n) ® V(n) 

given in Proposition 15.21 it is clear that may be identified with the de Rham differential d^^ restricted to the /-th 
component of the symmetric algebra 5 (y(n)), which is given by 

; S'V(n) ® A''V{n) 5'"' V(n) » A''+' V(n) 



Z ® X/, A ■ ■ ■ A X/^^ l-> ^ dj(z) <8>Xj A Xi^ A ■ ■ • A X/^^ . 



(5.3) 
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The following lemmas will be used in the forthcoming study of the spectral sequence we are dealing with. 
Lemma 5.3. The image of the differential 

^c/J'" : = H\r)m{n),V{n)®ir)m{n)) ^Ef° = H\r,m(n),S-(tr)m(n))) 
is canonically isomorphic to A^V{n). In fact, the image o/^c/J'" coincides with the image of the linear monomorphism 

I : V{n) H-(v)m(n), S \tr)m(n))) (5 .4) 

given by the composition of the map i : A^V{n) — > Z~(YM(«), 5^(tr)Tn(n))) defined by 

n 

L(xiAXj) = ^ (4-[xi,xi][[xj,Xp],xi]®Xp-4[[xi,Xp],xi][xj,xi](8iXp 

P,i=i 

- 2[xi, xi][[xj, xi], Xp] ®Xp + 2[[xi, xi], Xp][xj, xi] ® x^). 
and the canonical projection Z^{YM{n),S^{tx)m(n))) — > //^(t)Trt(n), 5''(ti)m(«))). 

Proof. By Proposition |52] H\x)m(n), V{n) ® tr)m(n)) ^ y(n)®^. Furthermore, by the description of a basis of cocycles 
of the cohomology group //'(r)m(«), tr)m(n)) given in the paragraph preceding Theorem l4.1l we see that the homology 
class in //'(i)m(n), V{n) (gi tr)m(«)) corresponding to x,- 18> xj e is that of the cocycle 

n 

^ Xi ® [xj, xi] ® X; e V(n) ® C'(YM(n), t:)m(«)), 

/=i 

— 9 1 — 

which will be denoted by Xjj. Therefore, we have that -d^' (x, j) is the class of the cocycle 

(2[x/, Xp][[x;, X,], Xp] ® x; - 2[[x/, Xp],xi][xj, x/] ® Xp 
p,i=i 

- 2[Xi, Xl][[Xj, X;], Xp] ® Xp + [X,-, X/][[X;, X;], Xp] ®Xp + [[Xi, X;], Xp][Xj, X/] ® X/,) 

n 

= ^ (2[x,-,X/,][[Xj,x/],Xp] ®x; -2[[x,-,Xp],x,][x;,x,] ®Xp 
P,i=i 

- [x,-,X/][[X;,X,],Xp] ® Xp + [[Xi,X;],Xp][x^-,X/] ®Xp) 

n 

= ^ (2[x,-,X;][[X;,Xp],X/] ®Xp -2[[X;,Xp],X,][x^-,X,] ®Xp 
/>,/=! 

- Xl][[Xj, Xl],Xp] ® Xp + [[X;, X/], Xp][Xj, X/] ® Xp). 

It is readily verified that the previous identity vanishes if we take xJj = x,j + xjj, for all /, j = 1, . . . , n. On the other 
hand, if x"j - xij - xjj, -c/J'''(x'.'p is given by the cocycle 

n 

^ (4[Xi, X;][[X;, Xp], X/] ® Xp - 4[[x,-, Xp], X;][X;, X;] ® Xp 

p,/=l 

- 2[X;,X/][[X;,X/],Xp] ®Xp + 2[[X;,X/],Xp][Xj,X;] ®Xp). 
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Hence, ^c/J'°(x^p is the class of a cocycle of degree 8. 

Also, L is injective, and we can see this as follows. Let us first consider the case n + 4. Indeed, the fact that the 
map i is a non trivial 5o(n)-equivariant and that A^y(n) is irreducible implies that t is monomorphic. For the case « = 4 
we proceed analogously, but taking into account that A-y(n) ^ ^l^+l-, © T^i-l, and i does not vanish in any direct 
summand. 

From the complex C*(YM(n), 5^(tt)m(«))), we see that the subspace B-(YM(«), 5'~(ti)m(«)))8 generated by the 
coboundaries of degree 8 is an epimorphic image of 5'^(tr)Tn(«))4 ^ S'^{t\^Y(n)') under the 5o(«)-equivariant map d^,. 
It is not hard to prove that the intersection between the image of ( and B-(YM(«), 5'^(tt)m(«)))8 is trivial, so t is also 
injective. This can be deduced from arguments on isotypic components, which we now explain. If n 6, Remark [3.27l 
tells us that Im(i) ^ A-V(«) is not an isotypic component of 5'^(A^y(«)), which yields that the previous intersection is 
trivial. The case n = 6 is analogous. □ 



Lemma 5.4. Denote p : V(nY 



A the canonical projection. The following diagram is commutative 



^2,0 
^1 



W (t)m(«), S V(n) ® tx)m(n)) 



H\r)m{n),S'-^V(n)(S>SHr)m{n)) 



. rf" »idv(„) . ^ 

S'-^V(n) (8) V(n) ^ S'--V(n) (g) V(nf 



■S'-^V{n)®A-V(n) 



Also, note that (ids/-2^(„, 181/7)0 (d'^^ ® idv(„)) = d^ 



Proof. The second statement is direct. In order to prove the first statement of the lemma, it suffices to restrict to the 
case that c e {x)m{n), S '^^V{n) ® ti)m(«)) is represented by 



'^z<S>[xj,xi] ( 



I X), 



/=i 



where z = xj^ . . . xj. ^ e S' V{n). Notice that we have used the description of a basis of cocycles of the cohomology 



group //'(t)m(n), ti)Tn(«)) given in the paragraph preceding Theorem l4.Il Thus, 'd\''^(c) is the cohomology class of the 
cocycle 

« (-1 



X i^^j' ■ ■ ■ ^^J'-'^g^ ■ ■ ■ ^ji-i ® ® X/ - 2xj, . . . [[xj,_,Xg], xi] . . . ® [Xj, xi] ® Xg 

- 2Xj^ . . . [Xj^,Xl] . . . ® [[Xj, Xl],Xg] ®Xg+Xj, ... [Xji^,Xl] . . .Xj._^ ® [[Xj, Xl],Xg] ® Xg 



+ Xj^ . . . [[Xj^,Xl],Xg] . . . Xj,_, ® [Xj, X,] ® Xg) 
n 

^'■iz)(2[Xr, Xg] ® [[Xj, Xi], Xg] ®Xi- 2[[Xr, Xg], JC/] ® [Xj, Xi] ® Xg 



/,«=! r=l 



■ 2[Xr, Xl] ® [[Xj, Xl],Xg] ® Xg + [Xr, X;] ® [[Xj, X;], X,,] ® Xg 



+ [[Xr, X/], Xg] ® [Xj, Xl] ® Xg) 

n 

^5,.(z)®i(Xr AXj). 



/•=1 
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The lemma is then proved. □ 

As a direct consequence of the previous lemmas and the fact that H^^{S {V{n))) - (see II Wei L Cor. 9.9.3), we 
obtain the following proposition. 

Proposition 5.5. The following diagram 

yjO.O i .1.0 

/pO,0 ■ ipl.O "2 ^ /p2,0 



S'V(n) —^S'-W{n) ® V(n) —^S'-^V(n)S>A^V(n) 

is commutative. Since H^^(S (V(n))) — 0, this implies that 'E^'^ — 0, for all i € No- 

By the previous proposition we conclude that 'E^'^^ - for / 6 No. Hence, //'(r)m(«), 5'(r)m(«))) is isomorphic 
(as graded a 5D(«)-module) to a subquotient of 'Zs^''. Since 'E^'^ - Ker('c/j''), it will be convenient to make this map 
explicit. 

Lemma 5.6. The image of the differential 

^df^ : = H\r,m(n),V(n)) '^J-' = //2(i)m(n), tqm(n)) 

is naturally isomorphic to S^^V(n) ^ S^V(n)/k.q, where q — Yj'Li ® In fact, the image of^cf^^ coincides with the 
image of the linear monomorphism 

t : Sl^V(n) H-(x)m(n), tx)m(n)) (5.5) 
given by the composition of the map i' : S^^V{n) — > Z^(YM(«), tr)Tn(n)) defined as 

n 

i{xi ®, Xj) = ^ {-2{{xi, Xp\,Xj\ ® Xp - 2[{xj, Xp],xi\ ® Xp) 

/->,/= 1 

and the canonical projection Z^(YM(«),tt)m(n)) — > //^(i)iTt(n), tT)Tn(n)). 

Proof. By Proposition l5.2l //'(t)m(«), V{n)) ^ y(n)®-. Analogously to Lemma [531 we find that, if i,j is the cohomol- 
ogy class of the cocycle x, ® xj 6 V{n) ® C'(YM(n), k), then 't/j''(x,j) is the cohomology class of the cocycle 

n 

'^(-2[[xi,Xp],Xj] (S>Xp + llxi,Xj],Xp] iSiXp). (5.6) 
p=i 

The Jacobi identity tells us that ^d^'^(x" p vanishes if x^j is the cohomology class of the cocycle x, i8> xj - xj ® Xj € 
y(«)®C'(YM(«),/t),forall/,; =!,...,«. Moreover, bv the Yang-Mills relations (l23Ti. ^(f{\q) = 0, with^ = Ij'Li^U- 
On the other hand, if x'^ is the cohomology class of x, ® xj + xj ® x, (for 1 < / < j < «), ^d'^'^(x^. j) is given by the 
cocycle 

n 

'^{-2[[xi,Xp],Xj]®Xp - 2[[xj,Xp],Xi](SiXp). (5.7) 

Therefore, 'c/^'''(i:f ) is the class of a cocycle of degree 6. However, there are also coboundaries in this degree, which 
are of the form 

n 

^ '^Ca,h[[Xa,Xh],Xp]iS>Xp. (5.8) 
l<a<b<n p=i 

Hence, we see that the cocycle ( 15.71 ) is equivalent to 

n 

-4-J^[[xi,Xp],xj]i8>Xp. (5.9) 
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It is easily checked that l' is injective, which follows from the fact that the map i' is a non trivial 5o(n)-equivariant 
and that ^^ ^(n) is an irreducible so(n)-module. 

Considering the complex C*(YM(«), tt)m(n)), we see that the space S^(YM(«), tt)m(n))6 spanned by the cobound- 
aries of degree 6 is an epimorphic image of (tt)m(«))4 ^ A^y(n) under the 5o(n)-equivariant map d^. It is not hard to 
prove that the intersection between B^(YM(n), ti)iTt(«))6 and the image of i' is trivial, since Im(t') ^ 5^ .y(«) is not an 
isotypic component of A^y(n). This implies that t' is monomorphic. □ 

Lemma 5.7. If we denote p' : V(rif^ — > S'^^^V{n) the canonical projection, the following diagram is commutative 

^Ef ■ 

H\\)m{n),S'V{n)) H'^{y)m{n),S'-^V{n) ® tpm(«)) 

S ''V{n) ® V{n) S'-^Vin) ® V(nT^ 5'"' V{n) ®Sl^V{n) 

Proof. It is enough to prove the lemma when c e //'(i)Tn(n), 5''y(«)) is represented by z ® e S'V{yi)®C'^(yMin),k), 
where z = Xjj . . . Xj. e S^V{n). If this is the case, 'd^'\c) is the cohomology class of the cocycle 

n i 

■ ■ ■ [[Xjir^l^'^j] ■■■Xj_®xi + Xj^... {{Xj,^,Xj\,Xi\ ...Xj.(S> xi) 

/=l h=\ 
n n 

= ^ ^ driz) ® {-2[[Xr, X;], Xj] + [[Xy, X j], X,]) ® X/. 

Z=l r=\ 

□ 

The previous lemma implies the following result. 
Proposition 5.8. The space vanishes for i > 3. Furthermore, 

(1) Ofij'^ is the vector space with basis given by the cohomology class of the cocycles {x,- : / = 1, . . . ,«), where 
Xi 6 V(n) = C\YM(n),k), 

(2) '-Ej ' vector space with basis given by the cohomology class of the cocycles 

n 

{x; ® Xj - Xj®Xi:\ <i < j < «} U { ^ X/ ® X,} c C'(YM(«), y(«)), 

;=1 

fij "£^2 ' ^''^ vector space with basis given by the cohomology class of the cocycles 

" 1 

{ y XjXi ® Xi - -xf ® Xy : / = 1, . . . , n) c C'(YM(«), 5 V(n)). 

Proof. First, it is direct to prove that the collection of elements of C'(YM(n), k) given in item (1) is indeed a basis of 
cocycles, since H^(YM(n), k) ^ V{n). On the other hand, Lemma [S!6] savs that, Ker('^f j ') is generated by the cocycles 
given in item (2). 

Let i > 2. We consider 

n 

z^^Zj® Xj e S 'y(n) ® V{n) 



50 



a representative of a cohomology class z in 'E^^'^ . We notice that 

n n 

{iAsi-iv{n)®p') ° (c/dR®idi/(„))(^Z;®x^) = ^hiZj) ® Xh ®, xj e S''W{n) » 5,^^y(«). 

Therefore, by Lemma l5Jl z € Ker('Jj'') if and only if the following conditions are satisfied: 

(i) dhZj - -djZh, for all /i, y = 1, . . . , « such that h + j, 

(ii) dhZh - djZj, for all /i, y = 1, . . . , n. 

We shall first analyze the case / - 2. In order to do so, we shall assume that 



i,i=\ 

where a^^^^ - a^^^ek, for all /, m = 1, . . . , n. The previous conditions are respectively equivalent to 

(a) a', - —a'. , for all j,Lm - 1 , . . . , n such that /' I, 

(b) a-'. = flj , for all jj,m - 1, . . . , n. 

The first condition implies that, if j, /, m are all different, then 

SO, it must be a^^^ = 0. Also, both conditions yield that, given j + I, 



We shall denote ai - a'^j. 

Applying these considerations we may simplify the expression of z as follows 



n 11 n 



j=l m,/=l j=l !<».<» 



* i m * i 

n 



= ^ ( ^ 2a„,XjX,„ ®Xj- ^ ajX;„ ® xj + ajxj ® xj) 

j=\ i<,„<„ i<,„<„ 

m * j m * j 

n n 2 

= ^ 2a„,( ^ Xjjc,„ ® X; - -x-j ® X,,,), 



where we have omitted the terms with a^^ (7, m all different) in the last member of the first line, since they vanish. In 
consequence, we have proved that -E^ ' is spanned by the basis given in item (3). 

We shall now show that 'ZSj' = for / > 3. This is a direct consequence of the following auxiliary lemma. 

Lemma 5.9. Let n > 3 and let p\,. . .,pn be homogeneous polynomials of degree i > 3 in k[xi, . . ., x„] which satisfy 
that 

( I) dhPj — —djPh, for all h, j - 1 , . . . , « such that h + j, 
(II) dhPh — djPj, for all h, j — 
Then, p\ — ■ ■ ■ - pn - Q. 
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Proof. We choose different elements ji , 72, 73 £ { 1 , ■ • ■ , «)• Applying condition (I), it turns out that 
Therefore, dpdj^pj^ - 0, if j\,j2,j-i are all different. This in turn implies that 



Pj^ajx^.+ Yj Tj<A''< (5.10) 



= 1 d=l 

!• * I 



for j e {1, . . . , «). Also, if ji, 72 6 {1, . . . , n] are two different elements, conditions (I) and (II) tell us that 

d\Ph = dj,dj,pj, = dj,dj,pj, = dj,dj,pj, = -dj.dj.pj,. 
Hence, = ^\PJi' ^'^^ h^h ^ Using this identity in equation ( 15.101 ), we conclude that 

2 

4=1 n d=i 

'•*J 

forall;e{l,...,«). Ify^/, 

In particular, condition (I) says that aj, j = for all j,j' - !,...,« such that j + /, so 

Pi = + Yj "'ii'^'i'^'l ■ (5-11) 

/; = 1 n 

!•*] 

We need to consider two cases: / > 3 and / = 3. If ; > 3, condition (I) also tells us that aj, 2 = 0, for all 
j,j' = !,...,« such that j + f . In this case, Pj - a jx'j, for all 7 € { 1 , . . . , «), and condition (II) implies that aj - 0, for 
all y 6 { 1 , . . . , n), so Pj vanishes for all y € { 1 , . . . , «). 

If i = 3, we recall that 

djpj = 3ajxj + Y «/,.2-^A- 



'1 * i 



Identity djpj = df py implies that aj - 0, for all y e { 1 , . . . , n), and 2 ~ ^' ^^'^ ■ ^^^^^ n > 3, pj vanishes for 

all y € { 1 , . . . , n). The lemma is thus proved. □ 

The proof of the proposition is then complete. □ 
Proposition 5.10. The kernel o/^c/j ' vanishes. In consequence, ^£3'' = 0. 

2i70,l 



Proof. We first observe that E^' is isomorphic to V(n) as so(«)-modules, so it is an irreducible 5o(n)-module. If we 

-'2 



apply the differential ^c/?' ' to the cohomology class represented by a cocycle of the form 



" 1 
Y{xjXi<8>x,- -x^ »xj), 

/=i ^ 

we obtain the cohomology class of the cocycle in C^{YM(n),S\tx)m(n))) given by 

n 

Y C^ixj, x„,] (S>s [xi, x„,] ®xi- 2[xj, xi] ®j [xi, x,„] ® x„, - [xi, Xm] (Ss [xi, x,„] ® Xj). (5.12) 

l.m=l 

We point out that the cohomology classes of the previous cocycles are linearly independent, which implies that 
Ker(^£/^'') = 0. This can be deduced as follows. Taking into account -/s,' is an irreducible 5D(n)-module and dJ 
is so(n)-equivariant, the latter is an isomorphism if it does not vanish. Since there are no coboundaries of the same 
internal degree and the cocycles ( |5.12t are nonzero, we conclude that Ker(^(i2 ') = 0- ^ 

By Propositions 15 . II 1578] and ISTTOl we derive the main result of this section. 
Theorem 5.11. The morphism given in Proposition 15. 7 1 is bijective, so that 

HH^YMin)) ^k® V{n)[2] ® A^{V{n)[l]). 
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6 Hochschild and cyclic homology of YM{n) 



6.1 Generalities 

In this subsection, A shall denote a connected graded A;-algebra (i.e. Aq - k). We shall denote HC,{A) the "-th cyclic 
homology group of A and HC,{A) - HC,(A)/HC,(k) the reduced "-th cyclic homology group. Also, HH,{A) = 
HH,(A)/HH,(k) shall denote the reduced "-th Hochschild homology group. We recall that HH,(A) - HH,(A), for 
• > 1, llHoiA) = HHo(A)/k, HHq{A) = HCo{A) and liHoiA) = HCo(A). In fact, all of them are not only abehan 
groups but also A:-vector spaces. 

As it is usual, if A is provided with a No-grading, then the cyclic homology has two gradings; the homological 
grading and the internal one. So, we shall denote HCij{A) and HCij{A) the components of internal degree j of HCi{A) 
and HCi{A), respectively. As a consequence, these groups are graded vector spaces with respect to the internal grading. 

If A is an No-graded algebra, the relation between the previous homologies is provided by the following collection 
of short exact sequence of graded vector spaces (see II Wei I . Thm. 9.9.1) 

^ 7Ki-i{A) HHiiA) ^ HCiiA) 0, (6. 1) 

for all / > 0, derived from Connes' long exact sequence. This is a corollary of GoodwiUie's Theorem proved by M. 
Vigue-Poirrier (see IGoodl and OVPI ). 

We recall that the Euler-Poincare characteristic for the Hilbert series is given by 

xm.iAm = Yj^-iTHCMm- (6.2) 

peZ 

The following proposition is a particular case of Theorem 3.5, Eq. (16), in HJ. 
Proposition 6.1. If A is an Mo-graded algebra, then 



Corollary 3 of BCD II and Proposition l6. ll vield the following result. 
Proposition 6.2. //' YM(«) denotes the Yang-Mills algebra with n generators provided with the usual grading, then 

^log(YM(«)(f')) = -2^^'^ 

/>i />i 



XHC.iYM(nm - Z log(YM(«)(f')) = - Z ^ logd - + - t"). 



6.2 Hochschild and cyclic homology of the Yang-Mills algebra 

Corollary 3 of ICDll . Proposition |3.3l Theorem |5.11| and Proposition |6.2| teIl us that 



i/i/3(YM(n))(f) = t\ 

2 



HH2{YM{n))(t) = [— -I- l)r H- nt ' 



/>i 



where we have used the Poincare duality of the Yang-Mills algebra. We shall find the Hilbert series of the other 
homology A:-vector spaces by putting together the following facts. 

First, taking into account the short exact sequence ( 16. Il l and that ////,( YM(n)) - for • > 4, we conclude that 
Hc.iYMin)) = for • > 3. Moreover, 

;^2(YM(n))(f) = HH3(YM(n))(f), 

HC,(YM,„„„) = m(YM„„)<,)-HC,YM,„„,„ ^^^^ 

= HH2(YM{n)){t) - HH3{YM(n))(t), 
HCoiYMinW) = HHoiYMinW). 
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Second, as noted in Eq. (1.22) of IICD2I . the Koszul property of YM(«) implies that 

3 

2(-l)m(YM(«))(f) = 0. (6.4) 

1=0 

Finally, it may be directly checked from (16.1b that 

3 3 

XHc.iymmit) = Xi^"^^''^'^™^"^^^^^ " 2^"^^'^^ " i)HHi(YM(nm). (6.5) 

1=0 1=0 

These two last identities constitute a linear system 

3HHo(YM(«))(f) - 2HHi(YM(n))(f) ^ Xw.iYMMm " ^2(YM(«))(r), 
HHo(YM(n)){t) - HH i(YM(n))(t) = HH3(YM(n))(t) - HH2(YM(n))(t), 

with unique solution 

HHo(YM(n)m^XHc.(YM(m» ' 2^3(YM(«))(f) + m(YM(«))(f), 
HHi(YM(«))(f) =;rffc.(YM(„))(,) - 3:^3(YM(n))(f) + 2m(YM(n))(f), 
Hence, we have proved the main result of this article, which we can now state in detail. 

Theorem 6.3. If n > 3, then the Hilbert series of the Hochschild homology of the Yang-Mills algebra YM(w) are given 
as follows 

HH.(YMin)m = 0, if»>4, 

HH3(YM(n))(t) = t\ 

/n(n - 1) \ . o 
HH2(YM{n))(t) = [ 2 + T + ' 

HHi(YM(n))(t) ^-J^f^ log(l - nt' + nt^' - t'^') + (n(n - 1) - l)t'^ + 2nt\ 



/>i 

77ze Hochschild cohomology is given by Poincare duality: HH'(YM(n)) — 0, for • > 3, and HH'{YM{n)) — 
////3_.(YM(«))[4],/orO < • < 3. 

On the other hand, the Hilbert series for the cyclic homology are 

/fC44-2.(YM(n))(f)= 1, if'>0, 
i/C3+2.(YM(«))(f) = 0, if»>0, 
HC2(YM(n))(t) = 1 + f^ 

HCi(YM(n))it) = + nt\ 



HCo(YM(n)m = - ^ log(l " + " + (^^^^^ - O^' + + 1- 

/>i ' 



I 

For completeness, we collect the results given in subsection 12.31 and relations i6.3i for n - 2. 
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Theorem 6.4. Ifn — 2, then the Hilbert series for the Hochschild homology are 

HH.iYMilW) = 0, > 4, 



////2(YM(2))(f) = 2t 



1 -f2' 

1 + f - f2 



(l-f2)(l-0' 

(2-f)(l 

/f/fi(YM(2))(0 = r '\ 
(1 - f)^ 

////o(YM(2))(f) = -1—. 

(1 - ty 

The Hochschild cohomology is given by Poincare duality: HH'(YM(2)) — 0, for • > 3, and HH'(YM(2)) 
HH3-.{YM(2))[4],forO< • < 3. 

Also, the Hilbert series for the cyclic homology are given by 

i/C4+2.(YM(2))(f)= 1, if*>Q, 
i/C3+2.(YM(2))(f) = 0, if»>0, 

i/C2(YM(2))(f) = 1 + 
//Ci(YM(2))(f) 



(2 - t)t^ 



(1 - r)2 ' 
//Co(YM(2))(f)= 

(1 - f)-" 
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